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ios | NENNEN INTRODUCTION 


The concept of set serves as a fundamental part of the present day mathematics. Today this concept is- 
_ being used in almost every branch of mathematics. Sets are used to define the concepts of relations and 

functions. The study of geometry, sequences, probability, etc. requires the knowledge of sets. 

In this chapter, we discuss some basic definitions, concepts and operations involving sets. 

In mathematics, we come across many relations such as number m is less than the number n, line Lis 

parallel to m. In this chapter, we will learn how to link objects of one set with the object of other set. 

Finally we will learn about special type of relations called functions. Concept of functions are very 

important in mathematics, 
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A set is a well-defined collection of different objects, 


In everyday life, we often speak about the collection of objects of particular kind such as a cricket team, the river of India, the vowels 
in the English alphabet etc. Each of these collection is well-defined collection of objects in the sense that we can definitely decide 
whether a given particular object belongs to a given collection or not. For example, we say that 10 does not belongs to the given 
collection of all odd natural numbers. On the other than, 15 belongs to this given collection. 

The following points may be noted : 

(i) Objects, elements and members of a set are synonymous terms. 

(ii) Sets are usually denoted by capital letters 4, B, C, D, E, F, etc. 

(iii) The elements of a set are represented by small letters a, b, c, d, e, f, etc. 

(iv) Each element in a set comes only once i.e. repetation of any element is not allowed. 

If a is an element of a set A, we say that “ a belongs to A”. The Greek symbol € (epsilon) is used to denote the phrase ‘belongs to’. 
Thus, we write a € A. If ‘b’ is not an element of a set A, we write b ¢ A and read “b does not belong to A”. 

Thus, in the set V of vowels in the English alphabet, a € V but b € V. In the set P of prime factors of 30, 3 € P but 15 € P. 


REPRESENTATIONS OF SETS 

There are two methods of representing a set : 

(i) Roster or tabular form (ii) Set-builder form. 

ROSTER OR TABULAR FORM 

(i) In roster form, all the elements of a set are listed, the elements are being separated by commas and are enclosed within braces 
{ }. For example, the set of all even positive integers less than 7 is described in roster form as {2, 4, 6}. 

(ii) In roster form, the order in which the elements are listed is immaterial. 


SET-BUILDER FORM 


The set (a, e, i, o, u} in roster form can be written as set in builder form as {: x is a vowel in English alphabet]. Here the set written 
in set builder form read as ‘x’ is an element of the set such that x is a vowel of English alphabet’. Here the colon (:) read as ‘such 


2? 


that’. And in set-builder form after *:' a common property which posses all the elements of the set is written. 


Set builder form 


(x : x is the currencies used in USA, 
England, Japan, Germany and Russia] 


COMPARISON TABLE 


















Roster form 
(Dollar, Pound, Yen, Euro, Rouble) 











(1) The set of currencies used in USA, 
England, Japan, Germany and 
Russia. 


(2) The set of Capital of Kerala, 























(Thiruvananthapuram, Banglore, Chennai, 


] {x : x is the capitals of Kerala, Karnatka, 
Hyderabad and Gandhi Nagar} 


Karnatka, Tamilnadu, Andhra Tamilnadu, Andhra Pradesh and 
Pradesh and Gujarat. Gujarat) 


(3) The set of all distinct letters used | (s, f, u, d, e, n} (x : x is the distinct letters used in the 
(4) The set of all the states of India | (Andhra Pradesh, Arunachal Pradesh, | (x : x is the state of India beginning with 
beginning with the letter A. Assam} the letter 4} 


(5) The set of six presidents of India| {Neclam Sanjeeva Reddy, Gyani Zail | (x : x is the presidents of India since 
since 1980. Singh, Radha Swami Venkat Raman, | 1980) 

Dr. Shankar Dayal Sharma, K.R. Narayan, 
A.P.J. Abdul Kalam} 


(6) The set of all natural numbers | (12, 13, 14) 
between 1] and 15. 


STANDARD SYMBOLS OF SOME SPECIAL SETS 





























Ns: Set of all natural numbers 
Z :  Setofall integers 

Q :  Setofall rational numbers 
R :  Setofall real numbers 

Z' :  Setofall positive integers 
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o" ; ‘Set of all positive-rational numbers, and 
Rt :  Setofall positive real numbers. 
The symbols for the special sets given above will be referred to throughout the chapter. 


TYPES OF SETS 


EMPTY SET 

A set which does not contain any element is called the empty set, null set or void set. 

The empty set is denoted by the symbol 6 or { }. un, 

Given below are few examples of empty sets. 

(i) IfA={x:1<x<2,x isa natural number). Then A is the empty set, because there is no natural number between 1 and 2. 

(ii) If B= (x :x? -2 = 0 and x is rational number}. Then B is the empty set, because the equation x? — 2 = 0 is not satisfied by any 
rational value of x. « ` 

(iii) If C= (x : x is an even prime number greater than 2}. Then C is the empty set, because 2 is the only even prime number. 

(iv) If D= ( x : x? = 4, x is odd }. Then D is the empty set, because the equation x? = 4 is not satisfied by any odd value of x. 


FINITE AND INFINITE SETS 


A set which is empty or consists of a definite number of elements is called finite otherwise, the set is called infinite. 
Consider some examples : 
(i) Let W be the set of the days of the week. Then W is finite. | 
(ii) Let S be the set of solutions of the equation x? -16 = 0. Then S is finite. 
(iii) Let G be the set of points on a line. Then G is infinite. 
When we represent a set in the roster form, we write all the elements of the set within braces ( }. It is not possible to write all the 
clements of an infinite set within braces ( ) because the numbers of elements of such a set is not finite. So, we represent the infinite 
set in the roster form by writing a few elements which clearly indicate the structure of the set followed ( or preceded ) by three dots. 
For example, (11, 2,3, o» ) is the set of natural numbers, (1, 3, 5, 7, ......... } is the set of odd natural numbers, 
AME ,;23, 22, -1, 0,11, 2 ,3, se } is the set of integers. All these sets are infinite. 
All infinite sets can not be described in the roster form. For example, set of all real numbers can not be described in roster form. 


EQUAL SETS 

Two sets A and B are said to be equal if they have exactly the same elements and we write A = B. Otherwise, the sets are said to be 

unequal and we write A # B. 

(i) LetA (1,2, 3, 4} and B= (3, 1, 4, 2). Then A = B. 

(ii) Let A be the set of prime numbers less than 6 and P the set of prime factors of 30. Then A and P are equal, since 2, 3 and 5 are 
the only prime factors of 30 and also these are less than 6. : 


SINGLETON SET 


A set, consisting of a single element is called a singleton set. The sets {0}, {5}, (-7) are singleton sets. 
{x :x+6=0,x € Z} is a singleton set, because this set contains only integer namely, — 6. 


SUBSETS 


A set A is said to be a subset of a set B if every element of A is also an element of B. Here set B is called superset of set A. In other 
words, A C B if whenever a € A, then a € B. It is often convenient to usc the symbol “=" which means implies, Using this symbol, 
we can write the definition of subset as follows: AC Bifae As aE B 

We read the above statement as “A is a subset of B if a is an clement of A implies that a is also an element of B". If A is not a subset 
of B, we write A Œ B. For example : 

(i) The set Q of rational numbers is a subset of the set R of real numbers, so we write Q C R. 

(ii) IfA is the set of all divisors of 56 and B the set of all prime divisors of 56, then B is a subset of A so we write B C A. 

(iii) Let A = (1,3, 5) and B = (x :x is an odd natural number less than 6). Then A C Band BCA and hence A = B. 

(iv) Let 4 = ( a, e, 1,0, u} and B  ( a, b, c, d). Then A is not a subset of B, also B is not a subset of A, 


Important Points About Subsets 


(i) Every set is a subset of itself. 
(ii) The empty set is a subset of every set. 
(iii) The total number of subsets of a finite set containing n element is 2". 


INTERVALS AS SUBSETS OF SET OF REAL NUMBERS (R) 
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Let a,b € Rand a< b. Then the set of real numbers (» :a € y< b) is called an open interval and is denoted by (a, b). All the points 


between a and b belong to the open interval (a, b) but a, b themselves do not belong to this interval. 

The interval which contains the end points also is called closed interval and is denoted by [ a, b ]. Thus 
| [ab] (xv:a Sx € b) 

We can also have intervals closed at one end and open at the other, i.e., 

[a,b)= (x:aSx« b) isasemi open interval from a to b, including a but excluding 5. 

(a,6)={x:a<x<b} isasemi open interval from a to b including b but excluding a. 

These sets can be shown by the dark portion of the number line. 


(a, b) [a, b] [a, b) (a, b] 
a p ^ a b a b a b 
POWER SET OF A SET 


The collection of all subsets of a set A is called the power set of A. It is denoted by P(A). In P(A), every element is a set. 
If A has n elements then its power set has 2" elements. 
Let A = (a, b}, then P(A) = (6, (a), {b}, (a, b}} 


UNIVERSAL SET 


If there are some sets under consideration, and out of these sets, there is a set which is the superset of each one of the given sets. That 


is all other sets under consideration are subsets of this set. Such a set is known as the universal set, denoted by U. 
For example, (i) In the context of human population studies, the universal set consists of all the people in the world. 


(ii) If A = (1, 2, 3, 4}, {2, 5, 6), (1,3, 7, 8, 9) and (1, 2, 3, 4, 5, 6, 7, 8, 9} are sets under consideration, then set 


{ 1, 2, 3, 4, 5, 6, 7, 8, 9} can be consider as universal set because all other three sets are the subset of this set. 


VENN DIAGRAMS 


In order to illustrate universal sets, subsets and certain operations on sets in a clear and 
simple way, we make use of geometric figures. These figures are called Venn-Diagrams. In 
Venn Diagrams, a universal set is represented by a rectangle and any other set is represented 
by a circle. 

In the Venn-diagrams, the elements of the sets are written in their respective circles. 

In the Venn-diagram U = {1, 2, 3, ..., 10} is the universal set of which A = {2, 4, 6, 8, 10} 
and B = (4, 6} are subsets, and also B C A. 





OPERATION ON SETS WOW 

UNION OF SETS 

The union of two sets A and B is the set which consists of all those elements which are 

either in A or in B (including those which are in both). In symbols, we write 
AUB={x:xEAorxe Bj 

The union of two sets can be represented by a Venn diagram as shown in Figure. 


The shaded portion in Figure represents A U B. 





INTERSECTION OF SETS | 
The intersection of two sets A and B is the set of all those elements which belong to both 


A and B. Symbolically, we write A ^ B= (x:x€ Aandxe Bj 
The shaded portion in Figure indicates the intersection of 4 and B. 
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DIFFERENCE OF SETS 

The difference of the sets A and B in this order is the set of elements which belong to 
A but not to B. Symbolically, we write A — B and read as “A minus 8”. 

Using the setbuilder notation, we can rewrite the definition of difference as 
A-B-71(x:xeAbutx& BS 


The difference of two sets A and B can be represented by Venn diagram as shown in 
Figure. . 





COMPLEMENT OF A SET 


Let U be the universal set and A be'a subset of U. Then the complement of A EP 


is the set of all elements of U which are not the elements of A. Symbolically, 
we write A' or 4* to denote the complement of a set A with respect to U. Thus, 
A= (x:xeUbutxe A}. 


Obviously A'= U —- A "ts. i 
The complement 4' ofa set A can be represented by a Venn diagram as shown in Figure 


The shaded portion represents the complement of the set A. 

Some Properties of Complement of a Set 

l. Complement laws: (i) 4 UA'= U (ii) AN A= 0 

2. De Morgan's law: (i) (A U B) =A' OB (ii) (AN BY =A'UB 
3. Law of double complementation : (4' )' = A 
4. 


Laws of empty set and universal set : 6' = U and U' = $. 
These laws can be verified by using Venn diagrams. 


DISJOINT SETS 


If A and B are two sets such that A A B = $, then A and B are called disjoint sets. 


For example, let A = (2, 4, 6, 8 } and B= ( 1, 3, 5, 7 ]. Here A and B are disjoint sets, 
because there is no element common to both A and B. The disjoint sets can be 


represented by means of Venn diagram as shown in the Figure 


In the adjoining diagram, A and B are disjoint sets. 
CARDINAL NUMBER 


Number of element in a set A is called cardinal number of set A. 
It is represented by (A). If A = (a, b, c, d, e, f }, Then n(4) = 6 
Theorem: If A and B are finite sets then n(A U B) = n(A) + n(B) -n(A A B) 


A relation A from a non-empty set A to non-empty set B is a set of ordered pairs (v, v) obtained by deseribing a rule whieh relate the 


elements x of set A to elements y of set B. Here y is called image of x under relation X, 


A relation from a non-empty set A to non-empty set B is symbolically represented by R : 4 => B, 
Consider two non-empty sets: 





A = 12, 3, 8}, B- (1, 2, 3, 4, 5] anda rule "less than" which relate the elements of set A to the elements of set 2, Then thé relation 
from set A to B is R = ((2, 3), (2, 4), (2, 5), (3, 4), (3, 5)} 


DOMAIN OF A RELATION 

Domain of a relation is the set of all first elements of the ordered pairs in the relation, 
So domain of the relation {(2,3), (2, 4), (2, 5), (3, 4), (3,5)} = (2, 3) 

RANGE OF A RELATION 


Range of a relation is the set of all second elements of the ordered pairs in the relation, 
So range of the relation ((2,3). (2, 4), (2. 5), (3, 4), (3,5)] = (3, 4, 5] 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


" fi AANE A Pas t 
AR EU | 
m 7 j i 


EOE ORR i jn 
CODOMAIN OF A RELATION 


Codomain of a relation from a non-empty set A to non-empty set 33 is the set B. 
Consider the relation R from set A to B where A ~ (2, 3, 8} and B= {1, 2,3, 4, 5} 
Then codomain of the relation A = Jj = {1,2,3,4, 5} 





ieee NUMBER OF POSSIBLE RELATIONS FROM A NON-EMPTY SET A TO NON-EMPTY 


Actually cach relation from a non-empty set A to non-empty set Z is a sub set of cartesian product A x B of sets A and B. 
Now number of clements in set A x B 

= (number of clements in sct A) x (number of elements in set B) 

If m and n are the number of clements in set A and set B respectively, then number of elements in A x B= m x n 

Also we know that number of subsets of a set having p elements = (2)! 

So the total number of subsets of 4 x B = Gyr *e 


Since each subset of A x B is a relation from set A to B, Hence, Total number of relations from set A to set B = (2)" * " where m and 
n are the number of elements of set A and set B respectively, 


I 
If there is a relation from a non-empty set A to the same non-empty set A, then it said that ‘relation in set A’, 
For example, a relation ‘less than’ in set A = (2, 3, 8) is ((2, 3), (2, 8), (3, 8)) 
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A function ‘f’ from a non-empty set A to a non-empty set 2 is symbolically written as f: A > B, is a specific type of relation in which 
every element of set A related to an unique clement of set B, 
Since function is a special type of relation. So, it has also domain, codomain and range as of relation. 
Like a relation, for the function f: A — B, set A is called the domain and set B is called the codomain of the function /. 
A rcal function is a function of which both domain and range are subsets of set of real numbers. 
(i) Let us consider a relation from set A to B, where A = (0, 1, 2, 3, 4, 5}, 
B = {- 5, - 4, - 3, - 2, 0, 1, 2, 5} and the relation is defined by the equation 
yz x2- 4x. 
Hence the relation = {(0, 0), (1, — 3). (2, +4), (3, ~ 3), (4, 0), (5, 5)} 
This relation can be also shown as 





+ Here we see that each element of set A is related with unique (only one) clement of set B, Hence the above relation is a 
function. 
Domain of the function = A 
= (0,1,2, 3,4, 5] 
Range of the function = {-4,-3,0, 5} 
Co-domain of the function = B 
= [-5,-4.-  -2, - 1,0, 1, 2, 5 
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Since domain and range both are the subsets of set of real numbers, therefore 
the function is real function. 
(ii) Let consider another relation from set C to D, where C = (4, 9, 16, 25}, D= (-3, — 1, 0, 2, 3, 4, 5} and the relation defined by 
the equation y — Vx. 
Hence the relation = {(4, 2), (9, — 3), (9, 3), (16, 4), (25, 5)} 
This relation can be also shown as 





Here we see that an element 9 of set C is related with two elements —3 and 3 of set D. Hence each element of set C is not related 
with the unique (only one) element of set D. 


Therefore. the given relation is not a function. 


~ MISCELLANEOUS 


Let R be the relation in the set N given by R = {(a, b) : a= b — 2, b > 6}. Choose the correct answer. 
(a) (2,4)ER ; (b (3,8€R (c) (6,8)ER (d) (8,7) ER 
SOLUTION : (c) 

Option (c) satisfies the condition that a = b — 2 i.e. 6 = 8 — 2 and b > 6, i.e. b = 8 

= option (c) is correct. 


I 
The domain of the function f (x) = dU aca is 


x? -3x42 
(a) (-%, 1) (b (-%,1) U (2, e) (c) (-91]u[|2, 9) - (d) (2,9) 
SOLUTION : (b) 
For f (x) to be defined, we must have 
x1i-3x «272 (x-1) (x -2)»02 x«l1or»2 
Domain of f= (- 2,1) U ( 2, o»). 


2 
O<x<3 

The relation fis defined b x)= "s 
: d ai v 


x, 0« xS2 


The relation g is defined b x)s 
. Yao ere 


Show that f is a function and g is not a function. 
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SOLUTION : 
(i) f(x) 7 x?, is defined in the interval 0 € x <3 

Also, f(x) =3x is defined in the interval 3 € x € 10 

At x =3, from f(x) = x°, /(3) = 3? = 9 and from f(x) = 3x, /(3) 23x 3-9 

fis defined at x = 3, Hence, f is function. 

(ii) g(x) =x? is defined in the interval 0€ x «2 

g(x) = 3x is defined in the interval 2 € x € 10 

But at x = 2, g(x) = x?, g(2) ? 22 - 4 and from g(x) = 3x, g2)23x2-26 

At x= 2, relation on g has two values. .. Relation g is not a function. 


Find the domain and the range of the real function f defined by f(x) = Vx-1 
SOLUTION : | RE 


(i) f(x)=~Vx-1,/ is not defined forx - 1 «0 or x< l; Domain fx) = {x:x€ R,x2 1) 
(ii) Let f(x)2 v2 x-1 ~. y is well defined for all values of x >1. 
-. Range - {y:y eR}- {y:yeRand-1<y<1} 


Let f= {(1, 1), (2, 3), (0, —1), (-1, —3)) be a function from Z to Z defined by f (x) = ax + b, for some integers 
a, b. Determine a, b. 
SOLUTION : We have f (x) = ax + b, forx=1,f(x)=1, 
. atb=] vias) 
forx=2,f(x)=3, = 3=ax2+bor2a+b=3 ..» (il) 
subtracting Eq. (ii) from (i)a=2,b=-1 


Let A = (1,2, 3, 4}, B = (1, 5, 9, 11, 15, 16} and f= {(1, 5), (2, 9), (3, 1), (4, 5), (2, 11)} Are the following trae? 
(i) fisa relation from A to B (ii) ^ f isa function from A to B 
Justify your answer in each case. 
SOLUTION : 
(i)  fisasubset of A x B. .. fis a relation from A to B 
(ii) The element 2 € A, has two images 9 and 11 
f is not a function from A to B 


Let A = (x, y, z} and B = (1, 2}. Find the number of relations from A to B. 


SOLUTION : A= (xz B- (2) — 
Now, n( Ax B)= n(A). (B) 6 .. The number of subset of (A x B) is 26 = 64 
So, the number of relations from A into B is 64. 
Find the range of each of the following function. 
(i) f(x) =2-3x,xe R,x>0 (i) — f(x) =x? * 2, x is a real number 
(iii) f(x) =x, x is a real number 
SOLUTION : 
(i) Letf(x) » y 22- 3x 
Now x20, '. y «2, -. Range(/) = (y:y e Randy « 2| 
(ii) Letf(x)-v- x? * 2, since x isa real number — yè 2 
- Range (f) = {y:y e Rand v 2 2] 
(iii) Let f(x) = y =x, since, x is a real number; = y is also a real number. 
^ Range(f)- { y:y eR} 
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A={1,2,3,5} and B={4, 6, 9}. Definea relation R from A to B by R= ((x, y): the difference between xand y isodd: 
xe€A,y e BJ. Write Rin roster form. 


SOLUTION : R = {(x, y) : The difference between x and y is odd, x € A, y eB} 
Where, A = (1, 2, 3, 5} and B= {4, 6, 9} 
R= {(1, 4), (1, 6), (2, 9), (3, 4), (3, 6), (5, 4), (5, 6)] 


un ARAB. Write the relation R = {(x, x?) : x is a prime number less than 10} in roster form. 
SOLUTION : Prime numbers less than 10 are 2, 3, 5, 7. Hence R = {(2, 8), (3, 27), (5, 125), (7, 343)} 


BUE Which of the following relations are functions ? Give reasons. If it is a function determine its domain and 

range. 

(i) {(2, 1), (5, 1), (8, 1), (11, 1), (14, 1), (17, 1) 

(ii) {(2, 1), (4, 2), (6, 3), (8, 4), (10, 5), (12, 6), (14, 7)) = 

(ii) {(1, 3), (1, 5), (2, 5)} 

SOLUTION : 

(i) We have f= {(2, 1), (5, 1), (8, 1), (11, 1), (14, 1), (17, 1)} 
No two ordered pairs have the same first component, therefore this relation is a function. 
Domain ( f) = (2, 5, 8, 11, 14, 17} 
Range (/) = {1} 

(ii) We have f= {(2, 1), (4, 2), (6, 3), (8, 4), (10, 5), (12, 6), (14, 7)} 
We observe that no two ordered pairs have the same first component so, fis a function. 
Domain ( f) = (2, 4, 6, 8, 10, 12, 14} ; Range ( f) = (1, 2, 3, 4, 5, 6, 7) 

(ii) f= (1,3), (1, 5), (2, 5)} 
We observe that 1 has appeared more than once as first component of the ordered pairs in f. 
Therefore, fis not a function. 


TIERE Find the domain and range of two values of f(x) 2 - |xl. 
SOLUTION : f (x)- -|x|, f(x)<0, Vx eR 





Domain of f= R; Range of f = y: y €R,y <0} 


APB EEN Write the set (x : x is a positive integer and x? < 40} in the roster form. 


SOLUTION : The required numbers are 1, 2, 3, 4, 5, 6. So, the given set in the roster form is (1, 2, 3, 4, 5, 6%. 
123456 


e PS iL E i —,—,-,—,-,—) i Bast 1 
Write the set E 3'4'5'6 s| in the set-builder form 


SOLUTION : We see that each member in the given set has the natural number numerator one less than the denominator. Alsa, the 
numerator begin from | and do not exceed 6. Hence, in the set-builder form the given set can be wniten as 


n : 
[ris = -T where n is a natural number and 1 $ n $ s 


mA SEM Which of the following pairs of sets are equal? Justify your answer. 
(i) X, the set of letters in “ALLOY” and B, the set of letters in “LOYAL”. 
(ii) A={n:ne Zand n? <4} and B= (x: xe Rand x2-3x * 27 0). 


SOLUTION: 

(i) We have, X= (A, L, L, O, Y), B = (L, O, Y, A, L}. Then X and B are equal sets as repetition of elements in a set do not change 
a set. Thus, X= {A,L,O, Y} - B 

(ii) 4 = {-2,-1,0,1,2}, B= (1, 2). Since 0 € A and 0 € B therefore A and B are not equal sets, 
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eee Are the following pair of sets equal ? Give reason. 
(i) A={2,3}, B= (x : x is a solution of x? + 5x + 6 = 0) 


(ii) A= x:xisaletter in the word FOLLOW} 
B = {y: y is a letter in the word WOLF}. 


SOLUTION : We have, 
(i) A= {2,3}, B= (x:xisa solution of x + 5x + 6 = 0} 
Now, X + 5x+6=0 
=> r+3x+2v+6=0 
=> x(x+3)+2(¢+3)=0 
= (x*3)(x*2)202xz-2,-3 
Therefore, B = (-2, -3} 
Here, we observe that the elements of set A are not exactly the same to that of set B, hence A and B are not equal sets. 
(ii) We have, A= {x : x is a letter in the word FOLLOW} 
=> A={F,0,L, W} 
And B = (y: y is a letter in the word WOLF} 
=> B-(W,O,L,F) ; 
Here, we observe that the elements of both sets are exactly same, hence the sets are equal. 


Write the following intervals in set builder form: 
(i) (3,0) (i) [6,12] (iii) (6, 12] (v) [-23, 5) 


SOLUTION : The following intervals are written in set builder form as : 

(i) (-3, 0) is an open interval which does not include both — 3 and 0. So it can be shown in the set builder form of a set as : 
(x:xe R,-3<x< 10} 

(ii) [6, 12] is a closed interval which includes both 6 and 12. So it can be shown in the set builder form as (x : x € R,6<x< 10} 

(iii) (6, 12] is an interval closed at the second end only i.e. it excludes 6 but includes 12. So it is shown in the set builder 
form as: (x:xe R, 6 <x<12} 

(iv) [-23, 5) is an interval closed at the first end point but open at the second end point. It means that the interval includes 
—23 but excludes 5. It is written in the set builder form as : (x : x € R, -23 <x <5}. 


| — 2:22 What universal set would you propose for each of the following : 
(i The set of right triangles. (ii) ^ The set of isosceles triangles. 


SOLUTION : . 
(i) The universal set for the set of right triangles is the set of triangles. 
(ii) The universal set for the set of isosceles triangle is the set of equilateral triangles or set of triangles. 


PEINE Find the union of each of the following pairs of sets : 


(i) A={x:xisa natural number and 1 <x < 6j 
B = { x : x is a natural number and 6 < x < 10} 


(ii) A= {1,2,3}, B-6 - 


SOLUTION : 
(i) A = (x : x isa natural number and 1 <x <6} 
= A= {2,3,4,5, 6} 
B = { x: x is a natural number and 6 < x S 10} 
= B= {7,8,9, 10} 
« AUB= {2,3,4, 5, 6} U {7, 8, 9, 10} 
=> AU B= {2, 3,4, 5, 6, 7, 8, 9, 10} 
(ii) We have, A = {1, 2,3}, B= 
=> AUB={1,2,3} U0 
=> AUB= {1,2,3} 
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ATTRAE If A={x:x=3n,ne Zi and B={x:x=4n,neé Z}, then find (AA B). 


SOLUTION : Letx e (4B) exe Aandxe B 
€» xisamultiple of 3 and x is a multiple of 4. 
€» xisamultiple of 3 and 4 both 

€» xisamultiple of 12 

ec x-71l2n, neZ 

Hence A A B= {x:x=12n,n€ Z} 


e-em if X and Y are two sets such that X U Y has 50 elements, X has 28 elements and Y has 32 elements, how 
many elements does X ^» Y have ? 


. SOLUTION : Given thatn( X Y)=50,n(X)=28,n(¥)=32,n(XN Y) 9? 


By using the formula, n ( Xu Y)2n(X)*n( Y)-n( XY), 
we find that n( X^ Y)=n(X)+n(Y)-—n(XUY)=28+32-50=10 


MINCE In a class of 35 students, 24 like to play cricket and 16 like to play football. Also, each student likes to play 
at least one of the two games. How many students like to play both cricket and football ? 
SOLUTION : 
Let X be the set of students who like to play cricket and Y be the set of students who like to play football. Then X U Y is the set of 
students who like to play at least one of the two games, and X r^ Y is the set of students who like to play both games. ` 
Given n (X) 24,n( Y)7 165n( XO Y) 235,n(X Y) »? 
Using the formula n( X) Y)=n(X)+n(Y)-n (XN Y), we get. 

35 =24+ 16-n(X Y) 

Thus, n (XA Y) = 5 i.e., 5 students like to play both games. 


oTe- Draw the appropriate Venn diagram for each of the following 
(i) (AUBY (ii)  4'^B' (iii) (AMBY (iv) A'uB' 
SOLUTION : | 
(i) (A UB)’ is represented by shaded area 


(ii) A’ r^ B' is represented by shaded Area 


(iii) (A A B) is represented by the shaded area 
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(iv) A’ U B' is represented by shaded area 


IEEE Decide, among the following sets which sets are subsets of one and another. 
A= ix : x e Rand x satisfy x? - 8x + 12-0), B= (2,46, C (2, 4,6 B. onn 1, D - 46] 


SOLUTION : We have A = (2, 6) (since, only x - 2, and v - 6, satisfy the equation © Xv * 12 7 0) 
B= {2,4,6}, C= (,4,6,8, L... ) and D= 16: l 

Every element of A is in Band C; +. 4c Band 4c C 

Again every element of B isin C «Bcc 

Also, every element of D is in A, Band C: «. Dc 4. Dc B, and D c C. . 


Example XE] In each of the following, determine whether the statement is true or false. If it is true, prove it. If it is false, 
give an example. 


(ij) If xe AandA ce B,thenx e B (ii) IfAcBand B eC, then 4 eC 
(iii) If 4 c B and B cC, then 4 c C (ivy) IfA g Band B gC, then iz C 
(v) Ifx eA and A g B, then x e B (vi) IfA cB and x e B, thenx e A 

SOLUTION : | 


(1) False; Let A= (1), B^ 1101.2! 
led and4eBbutle B 
So Yea |peed not imply that, € B 
(ii) Fale Ms B= tb 2land C= (112531 
AcBandBe Cbut 4 € C 
k- Thus, 4 c Band B € C need not imply that 4 e C. 
(iii) True; Leve A,ThenAcB > xeB.BcC —xeC 
Thus, 4C BandBc C > ACC 
(iv) Falses?Let A = (1,2), B= 12. 31 and C= 11. 2. 5| 
ThenA z B and Bz C But4c C 
Thus, A z B and B z C need not imply that 4 z C 
(v) False; Let .4= {1.2} and B= (2, 3.4, 5| 
Then | e 4and4zBaslc B 
Thus, x € A and A z B need not imply that x e B 
(vi) True; Let4 c B, then x e 41-5 xeBeoxeB—xeA 
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DIRECTIONS: Complete the following statements with an 
appropriate word / term to be filled in the blank space(s). 


1./ A set which does not contain any element is called the 


— -~ 
2.  Everysetisa of itself. 
3. The set is a subset of every set. 
4. The collection of all subsets of a set A is called the 
set of A. 
5.  Arelation R from a non-empty set A to non-empty set B is 


symbolically represented by = 
6. If A and B are two non-empty sets then (AU B)’ 


7.  Fornon-empty set A, we have (4')' = 
Number of element in a set A is called of 
set A. 


9o 


"926 0st rient ape pc: Sa il eng 90 CAT oem ae DX SINUS aya M T UTE ! 
Orr ey sa ney booed b SS oes 
: Y s a . E LT 


E t 3 5 
- DLL So. rur il qa ee 


e — ]——— M — 
DIRECTIONS: Read the following statements and write your 
answer as true or false. 





1. IfA and B are two sets such that A AB= then A and B 
are called empty sets. 
(AN B)’= AUB’ for any sets A and B. 
If A is the set of points on a line then A is infinite set. 
If B is the set of the days of the week then B is a finite set. 
A real function is a function in which both domain and 
range are subsets of set of real numbers. 
6. IfA is any set and U is an universal set then 
AUA'=6 and ANA'=U 
7. If A= {a,e,i,0, u}then n(A) - 5 
A set, consisting of a single element is called a void set. 


mapy 


- --— Wt n, TEM Ere Am mom am qe mem 


— dam ment 


T e—a 
DIRECTIONS: Each question contains statements given in two 
columns which have to be matched. Statements (A, B, CDi sas 
in Column I have to be matched with statements lp, d EJ 


in Column Il. 


EXERCISE 
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Column Il | 
(A) Domain ofa (p) the set of all elements 
relation is of U which are not the 

. elements of that set. 

Range of a (q) the set of all those 

relation is elements which belong 

to both sets. 

the set of all first 

elements of the ordered 

‘pairs in the relation. 

the set of all second 


l. Column I 


Co-domain of (r) 
a relation is | 


(C) 


The complement (s) 


(D) 


of a set is elements of the ordered 
pairs in the relation.,  . 
(E) The intersection (t) from a non-empty set A 
- oftwo sets is to non-empty set B is 
the set B. , 
2. Column I Column II 
(A) IfA= (1, 2, 3} and (p (2,4) 
B= {1, 3, 5, 7) then 
AUB= 
(B) IfA= (1,2, 3, 4, 5} (q) {9} 


and B = {1, 3, 9, 12} 

then AN B= 

The set {5} isa 

(xe N:5«x«6) isan 
If A={1, 2, 3, 4, 5, 6, 7, 8) 
and B= (1,3, 5, 6, 7, 8, 9} 
then A — B is 

If A={1, 2, 3, 4, 5, 6, 7, 8) 
and B = {1, 3, 5, 6, 7, 8, 9} 
then B - A is 


GEE E E 
(s) {1,3} 


(t) singleton set 
(u) empty set 


Ee soe D pe Tre ^ 
1 Sie rr ria 
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DIRECTIONS: Give answer in one word or one sentence. 


1. What can you say about n(AUB), when 4 and B are 
disjoint sets? , - 
2. IfA={2,3,4,5, 6, 7} and B= (3, 5, 7, 9, 11, 13} then find * 


A — B and B —- A. 
3.  Letthe set of natural numbers be the universal set and let 
A= (2, 4, 6, 8, 2. cxi ). Find A’. 


4. Define the "Union of Sets". 

5. 1f4-2(1,3, 5, 7), B= (2, 4, 6, 8, 10} and R = {(1, 8), 
(3, 6), (5, 2), (1, 4)) bea relation from A to B then find (i) 
Dom (A) (ii) Range (A) 

6. If f(x) = 3x4 -5x? 49 then find f(x-1). 
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10. 


Il. 
12. 


— e» 


7» x n atO 


Define a finite set. 


2 
Find the domain of the function f (x)= TERN 
x” —5x+4 


2 
Find the domain of the function f(x) = eee 
x“ -8x 412 


Let A = { a, e, i, o, u ) and B= (a, i,u ). 
Show that AU B=4 


How many elements has P(A), if A = $? 
ta, b}, B= 


Let A= (a, b, c). Is A c B? What is A U B? 






Ex a e m o> 2 
uev- Xt ee 
hs Sie EAS SPIE Y 


-Shor N dip. s XXn 


DIRECTIONS: Give answer in 2-3 sentences. 





l. 


2. 


If y = f (x) =—, prove that x = f (y). 


Define a relation R on the set N of natural numbers by 
R = {(x, y) : y =x + 5, x is a natural number less than 
4 : x, y € N}. Depict this relationship using roster form. 
Write down the domain and the range. 
Let A = (1, 2, 3, 4, 6}. Let R be the relation on A defined 
by ((a, b) : a, b € A, b is exactly divisible by aj 
(i) Write R in roster form 
(ii) Find the domain of R 
(iii) Find the range of R. 
Let A = {x,y,z} and B= (1,2). Find the number of relations 
from A to B. 
Are the following pair of sets equal? Give reasons. 
(i) A= {2,3}, B= {x : x is solution of x? + 5x + 6 = 0} 
(ii) A= {x : x isa letter in the word FOLLOW} 

B= v: y is a letter in the word WOLF} 


If A = {3, 5, 7,9, 11}, B= (7,9, 11, 13}, C= (11,13, 15} 
and D = {15, 17} ; find 

(i) ANB (ii) BAC 

(ii) ANC (iv) AN(BUD) 





DIRECTIONS: Give answer in four to five sentences. 





l. 


In a group of 65 people, 40 like cricket, 10 like both cricket 
and tennis. How many like tennis only and not cricket ? How 
many like tennis? 


In a group of 400 people, 250 can speak Hindi and 200 
can speak English. How many can speak both Hindi and 
English? 


Let U = (1,2, 3, 4, 5, 6}, A= (2, 3} and 


B= (3,4, 5}. Find 4’,B’, A'A B', AUB and hence 

show that (AUB)! = A'  B' 

Write the following sets in roster form : 

(i) A= {x:x is an integer and —3 <x < 7} 

(ii) B= (x:xisanatural number less than 6} 

(ii) C= (x:xisatwo-digit natural number such that the 
sum of its digits is 8) 

(iv) D = (x:xisa prime number which is divisor of 60) 


(v) E- The set of all letters in the word 
TRIGONOMETRY 


(vi) F = The set of all letters in the word BETTER. 
Write the following sets in the set-builder form : 

(i) {3, 6,9, 12} 

(ii) {2, 4, 8, 16, 32) 

(iii) (5, 25, 125, 625} 

(iv) {2, 4, 6, .....} 

(v) {1,4,9, 100} 

Which of the following sets are finite or infinite 

(i) The set of months of a year 

(ii) £1, 2,3, 
i a ie oe oe , 99, 100} 

(iv) The set of positive integers greater than 100 
(v) The set of prime numbers less than 90 


ILI 
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99) ESTY EB FB ES 9. If A is the set of the divisors of the number 15, B is the set 
Question SA i of prime numbers smaller than 10 and C ís the set of even 
numbers smaller than 9, then (A U C) A B is the set 


(a) {1, 3,5} (b) {1,2,33 





SS N soa 


————————————À 
DIRECTIONS: This section contains multiple choice questions. 
Each questions has 4 choices (a), (b), (c) and (d) out of which 








ONLY ONE is correct. (c) (2,3,5] (d) {2,55 
10. Given the sets 
x4] ! A (1,3, 5), B - (2,4,6] and C ={0, 2,4, 6,8}. Which 

|. If f(x)= a then value of f (2) of the following may be considered as universal set for all 

(a) 2 (b) 10 the three sets A, B and C ? 

(c) 5 (d) does not exist S 4 1,2, 3,4, 5, 6} 

2 
rs Range of the function y = " " (c) (0, k; 2 3, 4, 5, 6, 7. 8, 9, 10j 
lex” © (d) {1, 2,3, 4, 5, 6, 7, 8) 
(a) (-l, 1) (b) [0, 1) 
(c) [l, 2] (d) (-2, 2) 





———ÓÓÓÓ M ÉL scenes 
DIRECTIONS: This section contains multiple choice questions. 
Each question has 4 choices (a), (b), (c) and (d) out of which ONE 


3. Which of the following relation is a function ? 


(a) {(a, b) (b, e) (c, e) (b, x)) 





(b) {(a, d) (a, m) (b, e) (a, b)} OR MORE may be correct. 
(c) ((a, d) (b, e) (c, d) (e, x)) l 
(d) f(a, d) (b, m) (b, y) (d, x)) l. . Which of the following is/are finite set ? 


(a) Setof even natural numbers less than 100. 
(b) Set of all persons on the earth. 

(c) Setofall lines ina plane. 

(d) Set of even prime natural numbers. 

Which of the following is/are infinite set ?- 


(a) A={x:xezand x? -5x«6-0] 


M E S i 
Vx? -3x 42 


(a) ( - eo, 1) (b) (-%, 1) U (2, e») » 
(c) (7-951) (2,99) (d) (2,29) 
5. IfA and B are two sets, then AN(A U BY equals : 


4. The domain of the function f (x) = 


(a) A (b) B (b) B= {x :x€zand x? is even} 
(c) 6 " (d) None " ELS 2. 

6. Which ofthe following is a null set? "I a [xix zandx? = 36} 
(a) (0) w (d), D={x:xezandx>-10} 


(b) {x:x>Oorx<0} 
(c) (x:x?240rx 23) 
(d {x:x2+1=0,xe R} 
7. The set of intelligent students in a class is : 
(a) A null set 
(b) asingleton set 
(c) a finite set 
(d) Nota well defined collection 


3. Which of the following is/are empty set ? 
(a) Set of all even natural numbers divisible by Š, 
(b) (x:32-2 2 0 and x is rational! 
(c) [x:xisa natural number, x « S and simultaneously 
x > 12) 
(d) [x:xisa point common to any two parallel lines}, 
4. Which of the following is/are comet? 


Consider the following equations : 

l. A-B=A-(ANB) 

2. A-(AnmB)u(A - B) 

3.  A-(BuouC)-(A-B)u(A-C) 
Which of these is/are correct ? 

(a) land3 (b) 20nly 
(c) 2and3 (d) land2 


(a) A scet is a well-defined collection of objects, 


(b) A power set of a set 4 is collection of all subsets 
of A, 


(c) For any two sets A and P, (AURVANA and 


(4rvB)'* AUR 


(d) For any two sets 4 and Bao By) AUR and 
(4^B)'- Ann 
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S. Which of the following is/are correct? 
(a) The domain of R is the set of all first elements of the 
ordered pairs in a relation R. 
The domain of R is the set of all second elements of 
the ordered pairs in a relation R. 
(c) The range of the relation R is the set of all second 
elements of the ordered pairs in a relation R. 
(d) The range of the relation R is the set of all first ele- 
ments of the ordered pairs in a relation R. 


e Aage Waced Questions 


(b) 


DIRECTIONS: Study the given paragraph(s) and answer the | 


following questions. 





If A= (x:xisa natural number}, 
B= {x : xis an even natural number}, 
C = (xzx is an odd natural number} 


and D=Ax:x isa prime number} then 
l. ACB is 

(a) B (b) C 

(c) D (d) 6 
2. ANC is 

(a) B * (b) C 

(c) D (d) 9 








DIRECTIONS: Each of these questions com&ins an Assertion 
followed by reason. Read them carefully and answer the question 
on the basis of following options. You have to select the one that 
best describes the two statements. 


(a) Ifboth Assertion and Reason are correct and Reason is 
the correct explanation of Assertion. L 

If both Assertion and Reason are correct, but Reason is 
not the correct explanation of Assertion. 

If Assertion is correct but Reason is incorrect. 


If Assertion is incorrect but Reason is correct. 


(b) 


(c) 
(d) 


w, 


|. Assertion : IfA = {1, 2, 3,4, 5,6} B= {7, 8,9, 10, 11} and 
C= (6, 8, 10, 12, 14} then A and B are disjoint sets, 
Reason : Two sets A and B are said to be disjoint if 
An B - 9. 


2. Assertion : Set [x:x € R, 3<x<4} can be written as 
[3, 4] in the interval form. ~~ 
Reason : If a, b are real numbers such that a < b, then the 
set (x:xe Randa& x < b} is called the closed interval 
_-[a, b]. l v. 
Assertion : The set of all rectangles is contained in the set 
* of all squares. 
Reason : The sets P = (a) and B = {{a}} are equal. 
4. Assertion : For any two sets A and B, we have 
A-B - [x:x € Aand xe BJ 
Reason : For any two sets A and B, we have 
A-B- [x:xe Aand x¢ B} 
and B-A={x:xe Band xe A} 
5. Assertion : If A = (1,3, 5, 7), B = (2, 4, 6, 8, 10} and 


R= ((1, 8), (3, 6), (5, 2), (1, 4)} be a relation from A to 
B. Then, 

Dom (R) = (1, 3, 5) and Range (R) = (8, 6, 2, 4} 

Reason : If R is a relation from set A to set B, then 
Domain (R) = (x: (x, y) e R} 


Range (R)-(y:(x, y) e R) | 


DIRECTIONS : Following question has four statements (A, B, C 
and D) given in Column I and statements (p, q, r. s...) in Column 
Il. Any given statement in Column I can have correct matching 
with one or more statement(s) given in Column Il. Match the 
entries in column I with entries in column Il. B 
erence qq OUS MU eique MRNA 





Il. Column! 
(A) Open interval 


Column H 

(p) (2,6, 10, 14] and 
0,2, U1, 15) 

(q) {5} 

w) (xeR:a«x«b) 

(s) {vERtasxsb} 

(0 12,6, 10} and (3, 7, 11] 

(u) (a, >) or Ja, df 

(v) fa, >] 


(B) Closed interval 
(C) Disjoint Set 
(D) Singleton Set 
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EXERCISE -' I 


FILL IN THE BLANKS 
1. empty 2. subset 

4. Power. 5. R:A9 B 

7. (4y-4 $8. Cardinal number. 
TRUE/FALSE 


1. False. If 4^ B- $ then Al and B are called disjoint sets. 


3. empty 
6. (AU By - ANB’ 


2. True 3. True 4. True 5. True 
6. False. 
Aw A’=U and 4M A’=0 
7 True: B 
n(.4)= Number of element in set A 
8. False. 
A set, consisting of a single element is called a singleton 
set. 


MATCH THE COLUMNS 


1. (A)2r(B)s (C) 5 t (D) p, (Eq 

2. (A)Or(B)os, (C) > t, (D) u, (E 2 p, (F)> q 

VERY SHORT ANSWER QUESTIONS 

1. We knoW, n(A B)- n(A4) * n(B) - (A0 B) 

Since, A and B are disjoint sets 
ANB=6 = n(ANB)=0 
n(AU B)=n(A) + n(B) 

A-B= {2,4,6}, B- A7 (9,11, 13} 

Ao" 9.61.3, 5, wiseawnenwnens } . 

4. Let A and B be two sets. The union of A and B is the set of 
all those elements which belong either to A or to B or to 
both A and B. 

(i) Dom (R)= {1,3,5} (ii) Range (R) = 18, 6, 2, 4} 
f(x-1) 23(x-1)! -5(x-1) +9 


pP 


= 3x4 - 12x? +13x -2x47 
7. Aset consisting of a definite number of elements is called 
a finite set, otherwise the set is called an infinite set. 

8. Sincex? -5x + 4 = (x - 4) (x —1), the function f(x) is defined 
for all real numbers except at x = 4 and x = 1. Hence the 
domain of fis R — {1, 4}. 

2 2 
xt -2x 4l (x1) 
x) = -= 
s J0) x? -8x+12 (x-2)(x-6) 
The function is not defined at x = 2, 6 


Domain of f ={x:xeR and x*2,x*6) 
=R- (2,6) 


10. We have, A U B= {a,e,i,0,u} =A. 
This example illustrates that union of sets A and its subset 
B is the set A itself, i.¢., if B C A; then A U B = A. 
11. IfA 6, then by the definition of p&wer set, we have 
P(A) = P(9) = {9} 
=a set containing one element. 
12. Yes, A c B, because every element of A is also an element 
of B, therefore. A is a subset of B i.e., A c B. 
AUB ={a,b}U {a,b,c} = {a,b,c} 


SHORT ANSWER QUESTIONS 
ee ii (i) 
S ni. e d 
dcs 
- 1-y l+x-Il+x 2x 
nni Mir ee tein S 
"Tex 


2. R= {(y,y):x=y—S5,xisa natural number less than 4; 
x,y € N}= {(1, 6), (2, 7), (3, 8)} l 
Domain = {1, 2, 3}; Range = {6, 7, 8} 


3. (i Given A = (1, 2, 3, 4, 6} and R is relation on 4 


defined by ((a, b) : a € A, b e A, a divides 5j 
Clearly, R = {(1, 1), (1, 2), (1, 3), (1, 4), (1, 6), (2, 2) 
(2, 4), (2, 6), (3, 3), (3, 6), (4, 4), (6, 6)},/ 

(ii) Domain (R) = {1, 2, 3, 4, 6} / 

(iii) Range (R) = {1, 2, 3, 4, 6} / 


4. = {x,y,z}, B= {1,2}, Ax B= {(x,/), (x, 2), O, 1) 
(y, 2), (z, 1), (z, 2)} / 

Now, n(Ax B) = 6, Therefore, the number of subsets of 

n(A x B) = 26 - 64 l 


So, the number of relations from A to B is 64. 


5. (i) NoSincex2- 5x £620 ~. (x'+2)(x+3)=0 
-—x:x2-20rx-7-3 
Solution set, É = {-2,-3} —.A*B 
(ii) Yes A = {x : x isa letter in the word FOLLOW} 
{F, O, L, W} 
B = {y : y is a letter in the word WOLF } 
B ={W,O,L, F} 
Since, every element of 4 is in B and every element of B 
is in A. 
=> A=B 
6. (i) ANB ={3,5, 7,9, 1. A{7, 9 U1, 13} = (7, 9, 11] 
- (ii) BAC ={7, 9,11, 13} O{11, 13, 15} = (11, 13} 
(iii) AAC ={3, 5, 7,9 INO {11,13,15} = {11} | 
(iv) 4^ (Bu D) *(3.5, 7,9,110(7,9,11,13]0 (15,17 


-(3,5,7,9,11)(7,9,11,13,15,17] = {7, 9, 11) 
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aus MUN hh A e tevettke 
LONG ANSWER QUESTIONS EXERCISE - 2 
l. Let A be the set of people who like cricket and B be the 
E QUESTIONS 

set of people who like tennis. Then n (A U B) = 65, dicas: i = 5 . 

n (4) - 40, n(4 ^ B) - 10 1. (à fQ- => which does not exist. 

We know that, 2-2 0 


n (4 9 B)-n(4)* n(B)-n(4 ^ B)2 65-40 n(B)- 10 
=> n(B)=35 weer SU 
So, 35 people Sa ane, A E Tum 
like tennis ` 
Number of people | 
who like tennis only | -~ 
and not cricket 
-n(B-A) 
Also, 
n(B)-n(B-A)*n(An B) 
35-n(B- A) * 10 
n(B-A)=35-10=25 


Let H denote the set of peoples who speak Hindi and E denote 
the set of peoples who speak English. We are given that, 

n (H) = 250, n (E) = 200, n (H O E) = 400 

We know that, 

n (H o E) - n (H) * n(E) - n(H ^ E) 

=  400-250-200-n(H^nE) 

=> n(HA E)-450-400- 50 

Hence, 50 people can speak Hindi as well as English. 





. We have U= {1; 2, 3, 4, 5, 6}, A= (2,3), 


A'=U-A={1,4,5,6} 
and U= {1, 2,3, 4, 5, 6}, B= (3, 4, 5} and 
B’ = U- B= {1, 2, 6} 


n A'SB'- (16) ...(i) 
Also AUB = (2,3,4,5] 
(AU B)' -U - (Au B) - (1,6) ... (ii) 


From (i) and (ii), A'^ B'=(AUB)'. Hence, proved. 
(i) A= {-2,-1, 0, 1,2, 3, 4, 5,6) 

(ii) B= {1, 2,3, 4, 5} i 

(iii) C = (17, 26, 35, 44, 53, 62, 71, 80} 

(iv) D= (2,3, 5) 

(v) E= {T,R, L G, O, N, M, E, Y) 

(vi) F = (B, E T, R} 

(i) {x : x is a natural number multiple of 3 and x < 15 } 
(ii) {x:x=2",n © Nandn<6} 

(iii) {x:x=5", andn e Nandn<4} 


_ (iv) {x :x is an even natural number } 


(v) {x:x=7n?,n © Nandn< 11} 

(i) The set of months of a year. 
It is a finite set as there are 12 members of the set 
which are the months of the year 


(ID 11,23, ines }. It is an inifinte set since there are 
infinite number of natural numbers. 
(ox) Bo Ac E 99, 100}: It is a finite set it contains, 


first 100 natural numbers. 

(iv) The set of positive integers greater than 100. It is an 
infinite set since there are infinite number of positive 
integers viz : 101, 102, 103 ............... >100 

(v) The set of prime numbers less than 99. This is a finite 
set because the set is (2, 3, 5, 7, ........ 97). 


4 
“ 


2. (b) Clearly, y is defined for all real values of x. 
-. Domain of y = ( — =, o») 





We have y — 3 =xryty=r 
: l+x 
y . .[» 4xa-» 
=> xl2—— 1. €., xX = = 
l-y l-y (1— y) 


For x to be real, 1 — y #0 i.e. y: 1and y (1—5)20 
=> y(y—1)<Oandy4#1>0<y «1 
Range of y = [0, 1). 
3. (c)Sincein(c) each element is associated with unique element. 
while in (a) element b is associated with two elements, in 
(b) element a is associated with three elements and in 
(d) element b is associated with two elements so. (c) is 
function. l 
4. (b) Forf(x)to be defined, we must have 
xi-3x*2-(x-1)(x-2)»0— x«10r»2 
Domain of f= (— 2,1) U ( 2, e). 
5. (c) AN(AUB)'=AN(A'NB) 
-(4n^4)nB'-6énB'-6 


6. (d) x?- 1 — 0 has no solution in R 
7. (d) 
8. (d) Check by creating Venn-diagram. l 
9. (a) A= {1, 3,5, 15}, B= {2, 3, 5, 7} C= {2,4,6,8} 
^ AUC ={1, 2, 3, 4, 5, 6, 7, 8,15) 
(AUC)NB = (2,3,5) 
10. (c) à 
MORE THAN ONE CORRECT 
1. (a,b, d) | 
2. (b,d) i 
(a) A= {2,3} yp 
(b) B-(............ 16, =4= 250, 2, 4,6, cocccccccccce } 
(c) C= {6,-6}-<-— 
(d D=(-97=8,-7.............. A 
3. (b,c,d) 4. (a,b, c) S. (a.c) 


PASSAGE BASED QUESTIONS 1 

1. (1) (a) AQNB=B Cu B c 4) 
(2)  4nc-C («-Cc4) 
6) ©) 4np-p «(€ Dc 4) 

ASSERTION & REASON 

l. (a) Assertion: ANB= >. 

2. (a) Both statements are correct. 

3. (c) Assertion is true but reason is false. 
In rectangles if length becomes equal to breadth then 
rectangles becomes squares, 

4. (d)_ Assertion is false. 

Reason is true. 

5. (a) 

MULTIPLE MATCHING QUESTIONS 

l. (A)2ru; (B)s,v; (C) p, t; (D) > q 
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4x + 3y 2 12 


3x + 4y - 12 






4x * dy S 12 
3x *4y S 12 
x,y20 


CHAPTER 





.. Linear Inequalities — 








Ls INTRODUCTION 


When we compare two quantities in day-to-day situations, it is more likely that the two quantities are 
unequal rather than equal. A student may not write a three hour examination paper in exactly three 
hours, He may finish it in less time or more time. It rarely happens as planned. 


The distance shown on a railway ticket from one station to other is either little less or a little more. Thus, 


inreality inequalities occur quite frequently in practical life, so it is natural to expect that their study is 
important in mathematics too. 
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. et er E 
INEQUALITY 


Two numbers or algebraic expressions related by a symbol >, < , >or < is called an inequality. 
For examples: 5 «7, x2 3,x «5,3 «x S8, ax + b > 0, 2x + y > 0 are inequality. 
Remember : 


(i) — Sign of inequality does not change when equal numbers added to (or subtracted from) both sides of an inequality. 
Example : If x 2 3, then x + 2 2 5. Also if y < 8, then y - 2« 6 


(ii) Sign of inequality does not change when both sides of an inequality can be multiplied (or divided) by the same positive 
number. Í; 


Example : If x > —4 then 2x > -8. Also ify <8, then "s 4 


(iii) But when both sides are multiplied or divided by a negative number, then the sign of inequality is reversed. 


Example : If x > 3, then -2x < —6. Also, if x € 12. then -Ž > 4 
3 


ALGEBRAIC SOLUTION OF LINEAR INEQUALITIES IN ONE VARIABLE AND THEIR GRAPHICAL 
REPRESENTATION ON THE NUMBER LINE: 


(i) Any solution of an equality in one variable is the values of the variable which make it a true statement. 


(i) To represent the solution x < a (or x ? a) on a number line, put a very small blank circle on the number a and dark the line to 


the left (or right) of the number a. In the equality x < a or x > a the point x = a on the number line is not included in the solu- 
tions of the inequality. i" 


adc 


(iii) To represent the solution x € a (or x > a) on a number line, put a very small filled dark circle on the number a and dark the line 
to the left (or right) of the number a. 


In the inequality x € a or x >a, the point x = a on the number line is included in the solutions. 


Illustration 1 : Solve the inequality 3(x — 1) > 2 (x — 3) and represent the solution on the number line 
SOLUTION : 3(x -1) > 2(x - 3) | 

=> 3Xx-322x-6 WE 

Subtracting 2x from both sides of inquality ‘>’ of (i), we get 


3x-3-2x 2 2x-6-2x | ea 


=> x-32-6 ...(ii) + m 9» — c] 0 | 2 3 
Add 3 on both sides inequality 

‘2’ of (ii), we get 

x-3+32-6+3 

x2-3 


2 
Illustration 2 : Solve the inequality T « E +1 and represent the solution on the number line. 
SOLUTION : 2 < : +1 o) 


*<" of (i), we get 


ZU. X d x 
—-—<—+]-— 
3 2 2 
2x x M 
> —--—«l NN 
3^2 (11) 
=> Multiply by 6 (L.C.M. of 3 and 2) on both sides of inequality *«' of (ii), we get 
pud gules 
3 2 
=> 4x-3x<6 Cod X. P OZ 3 4 8 g 
=> x«6 
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LINEAR INEQUALITIES. . DM o one tro RH m D a a. FAS, 
Illustration 3 : Solve the inequality m -5x > 8 and repersent the solution on the number line 
SOLUTION : M -Sx»8 ..(i) i 
Multiply by —3 on both sides of inequality ‘>’ of equation (i), we get 
(-3) x (i - (23) x 5x < (-3) x 8 
3 
=> xt*l5x«-24 
=> l6x«-24 .. (ii) 
Divide by 16 on both sides of inequality *<’ of (íi), we get ; 
16x -24 <<} 7 or á37* 
‘ta ak d ae ge n 4 | 2 
16 16 R p »2 


3 l 
«-—, >'x<-l- 
=> y 2 


ALGEBRAIC SOLUTION OF A SYSTEM OF LINEAR INEQUALITIES IN ONE VARIABLE 


The common algebraic solution of all the solutions of individual inequality in one variable of the system is the algebraic solutions 
of the given system of linear inequalities in one variable. 


x x i 
-Illustration 4 : Solve the following system of inequalities: 6x — 1 > 5x4 2, 2 +x z +10 and repersent the solution on the 
number line 
SOLUTION : 6x - 1» 5x *2 (i) 
Subtract 5x from both sides of inequality ‘>’ of equation (i), we get 
6x—-1-5x»5x*2-—5x 
=> x-1^»2 ... (il) 
‘Add 1 on both sides of inequality ‘>’ of (ii), we get 
x-1*122-*1 
=> x>3 (iii) 


Now caa S0 (1v) 
2 4 


Subtract : from both side of inequality ‘S’ of (iv), we get 


X x X x 

E detetm-- 

"Maii ae 4 

x P e 

—+x-—s10 2 M) 
$ QM 


Multiply by 4 (L.C.M of 2 and 4) on both sides of inequality ‘<’ of (v), we get 


4 x 2*Ax- Ax c SAx10 


=> 2x+4x-xs40 


=> 5xs40 | (vi) ' 
Divide by 5 on both sides of inequality ‘<S’ of (v), we get 
Sx 40 
5 5 


=> xS (vii) 
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nga, C Mathematics y 
From (iii) and (vii), we get 
«x48 





Illustration 5 : Solve the following system of inequalities 2s ises x- zx »-8 
1 3 
3x 
SOLUTION : Š 4.52% 
;*545 | +i) 


Subac t ; ; 
ubtracting 2 from both sides of inequality ‘<’ of (i), we get 


i2 
LOW RW A AE 
2 22:242 
3x x | 
= Xxx js 
2 ;*9€0 (Ii) 
Subtracting 5 from both sides of inequality *«' of (ii), we get 
Xu 
2 72*5-5«0-5 
E xis 
273 <- .. (lil) 
Multiply by 2 (L.C.M. of 2 and 2) on both sides of inequality ‘<’ of (iii), we get 
S aac amen 
——- — — X — 
L 73 
=> 3x-x<-10 
> 2x<-10 .. (iv) 
Divide by 2 on both sides of inequality ‘<’ of (iv), we get 
ER 
=> x<-5 (V) 
5x 
And EC LA. ...(vi) 


Multiply by 3 on both sides of inequality ‘>’ of (vi), we get 


3x-3x T »3x(8) 


=> 3x-5x>-24 


=> -2x>-24 (vii) 
Divide by —2 on both sides of inequality ‘>’ of (vii), we get 
-2x  -24 
— > — 
-2 -2 
=> x»]2 (viii) 


There is no value of x which satisfies (v) and (viii) i.e., there is no common solution of th 


cist lue i ) e given two inequaliti i 
solution of the given system of inequalities. mdi nien iena 
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GRAPH OF A LINEAR EQUATION ` 
(i) To draw the graph of a linear equation containing both x and y, find the point on the x-axis (by putting y = 0 in the equation) 


. and on the y-axis (by putting x = 0 in the equation). Draw a line by joining these two points. This line is the graph of the given 


(ii) 


Illustration 6: Draw the graph of 2x—y+1=0 
SOLUTION : 2x — * 1-0 x 


Put y — 0 in equation (i), we get 


Put x = 0 in equation (i), we get 


7 
Illustration 7 : Draw the graph of (i) x - 3 and y= 2 


fOLUT/ON : 


(i) 


TO FIND THE GRAPHICAL SOLUTION OF A LINEAR 


linear equation. ; 
The graph of the equation x = a (or y= b) is a straight line perpendicular to the x-axis at x = a (or y-axis at y — b) where ‘a’ and 
*b' are any real number. 


axy--] => — 
2 


2x0-y+1=0 => y-1 








INEQUALITY IN TWO VARIABLES IN A CARTESIAN PLANE y' 


(1) 
(ii) 
(iii) 


Draw the graph of the linear equation in two variables corresponding to the linear inequalities in two variables. 

The line drawn in step (i) divide the cartesian plane in two half planes. 

Take any point on either side of the line drawn in step (i), if co-ordinate of this point satisfy the linear inequality, then the half 
plane containing this point is the solution region of the inequality of the form ax + by > c or ax + by «c 

Hence to show the solution region of this form of inequality we shade the solution region. The point on the line ax + by 
= c are not included in the solution region. So, the line drawn in step (i) should be broken or dotted, which means line is not 
included in the solution region. 

If the inequality of the form ax + by >c or ax + by € c then the solution region is the half plane satisfy ax + by > c or ax + by 
< c containing all the points on the line ax + by = c. Hence to show the solution region of this form of inequality, we shade 
and dark the line drawn in step (i), which shows the solution region is the shaded half plane containing the line. 
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Illustration 8 : Solve the following inequations graphically 2x — y > 1 


SOLUTION : Converting the given inequation into equation, we obtain 2x — y = I. This line meets x and y-axes at 4(1/2, 0) and 
B(0,-1) respectively. Joining these points by a thick line we obtain the line passing through 4 and B as shown in Fig. This line 
divides the xy-plane into two regions viz. one lying above it and the other lying below it. Consider the point O(0,0). Clearly, (0,0) 
does not satisfy the inequation 2x — y > 1. So, the region not containing the origin is represented by the given inequation as shown 
in Fig. Clearly it represents the solution set of the given inequation. l 


Y 





GRAPHICAL SOLUTION OF SYSTEM OF LINEAR INEQUALITIES IN TWO VARIABLES 
(1) Shade the solution region of each linear inequality in different ways. 


(ii) | The common shaded region of all the regions of linear inequalities of the given system of linear inequalities in two variables 
is the solution region. 


Illustration 9 : Draw the graph of the solution set of the system of linear inequations 3x + 4y > 12, y> 1, x » 0 


SOLUTION: Converting the inequations into equations, we get 


3x +4y= 12, y 2 1, x - 0 Y NENNEN 

Region Represented by 3x + 4y > 12: The line 3x + 4y = 12 meets NN S PS : e 

VW Mer eia axes at A(0, 4) and B(0, 3) joining these points by ROO 

a thick line we get the graph of 3x + 4y = 12. Since (0, 0) does not BY, SS BD Day: Dy Sy DD 

satisfy the inequation 3x + 4y 2 12. So, the half plane on the right ON AS x OOOO 
NS 


side of the line repersented by 3x + 4y = 12 including the line is. QNS ASCII ESENES ESL 
represented by the inequation 3x + 4y 2 12. : : Oe 


Region Represented by y 2 1: The line y= 1 is parallel to x-axis at > d CRS, CX 2 
a unit distance from it. Since (0, 0) does not satisfy the inequation SA EP K RSS 
y 2 1. So, the region lying above and including the line y = 1 is ASZNAZNARZSS ir ae BT he 
represented by y 2 1. MS A ne y= 
Region Represented by x 2 0: Clearly, x 2 0 represents the region P O 3 = 


lying on the right side of y-axis including y-axis. 


x 
The solution set of the given system of linear equations is the . EERON NE N 
intersection of the above regions as shown in Figure. Y Me he 4 
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LINEAR INEQUALITIES Lt a na pes i " [j15) 


MISCELLANEOUS 


Solve the inequation 12+ Ix <5+3x, xc R. Represent the solution set on a number line, 


SOLUTION : We have I2+12x<5+3r=9 24x 55432 


= 72 * 11x € 30 * 18 [Multiplying both sides by 6] 

=>  lixx1l8x-42 [Adding —72 on both sides] 

=> -7x € -42 [Adding -18x on both sides] 

=> x26 [Dividing both sides by —7] 

$ Solution set = {x : x 2 6, x eR) 

This set can be represented on the number line, as shown below : ai a" ae F r D r- 
! -D @ 1] 2.3 4 8 .6 7 

Solve the following inequalities: 

3 
(a) 2x+1>5x-2 (b) xt+1>x+2 () 2x ^2» 2x * I. 
$OLUTION : re 


(a) 2x+l> 23-265 742-36» x» -6 


(b) x+1>x+2< 0.x >-, consequently, the given inequality has no solution. 


(c) 2x+2>2x+1< 0. x » -1, consequently, the given inequality is satisfied by any real number, i.e., the set of solutions is set 
R of all real numbers. 


Solve the inequality 


SOLUTION : The given inequality is equivalent to the inequality 
x+1 





x+l1 
»]1. 
x-2 


150, L8., »0, 


x-2 ee 
and therefore any number x > 2 is a solution and there are no other solutions. 








Solve the following system of linear inequalities : x + 2 > 11; 2x < 20 


SOLUTION : The given system of inequalities is 


xt2»1]] |  .. || / ese (1) 
299€20. j~ - © A 0*7 a (2) 
Now,x+2>11 > x»11-2 = x>9 = x e(9,o) | 
Solution of inequality (1) is x > 9 enden (3) 
and 2x820 => x<10 > x e (- «,10] 
Solution of inequality (2) is xS JO — (4) 
x € 10 
<< ——————.———————» 
9 10 
x29 
a Su 
9 10 


Hence, the solution of the given system is given by 9 <x < 10 = «x e€ (9, 10] 
9<x<10 


9 10 
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BC c Are eee e ds "T < bcm dm 
` a 
: 3 "3 à ^. D 


Example EM Solve -8< 5x-3<7 





SOLUTION : In this case, we have two inequalities, -8 < 5x—3 and 5x - 3 < 7, which we will solve simultaneously. 


We have -8<5x-3<7 or -5<S5x<10 or —l<x<2 





Example 8 : Solve -5 < E 


<8 
5-3x 


SOLUTION : We have -5« «8 





or -l0s5-3xX16 or -15<-3x<11 or 522.— I. which can be written as — <x<5. 














Find the solution of the following system of linear inequalities 
4x 9 3 7x-1 7x+2 
—-=—<x+=, - 
$34 «4 f°: gS 
SOLUTION : 
The given system of linear inequalities is 
4x 9 3 
——— < x ES -—— eeaeee ( ] ) 
3 4 4 
]x-l 7x42. | AEN (2) 
3 6 


From inequality (1), we have 


T AE S l6x-27<12x+9 


= 4x«36 => x«9 





Thus solution of inequality (1) is given by 
x€«9  . /— 1 5 1 wee (3) 
=> xe(-o,9) 


From inequality (2), we get 





ldx-2 7Txt2. (-914x-2-7x-2» 6x 
6 6 
=> "7x—-4»6x >x>4>x€E (4,0) 
x>4 
orc —-—- —___ > 
2 3 4 5 6 


Thus solution of inequality (2) is given by 

x>4 ee T (4) 
=> xe(40) 
The solution set of inequality (1) and (2) are represented graphically on real line : 


4<x<9 


4 5 6 7 8 9 


Clearly the common values of x satisfying (3) and (4), lie between 4 and 9. Hence the solution of the given system is given by 
4«x«9 —xe(49) 


—  — V. 
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* Voc > TET " 
i E E S» ri) SORS. 


. E - EEDE Patt Aes Se) ia 


Ravi obtained 70 and 75 marks in first two unit test. Find the number if minimum marks he should get in the 
third test to have an average of at least 60 marks. 


SOLUTION : Let Ravi get x marks is third unit test 
70+75+x 


Average marks obtained by Ravi = 3 


He is obtained atleast 60 marks 
70+75+x Y 


60 => 1495*x. (0 
3 


Multiplying by 3, 145+ x > 60x 3-180 
Transposing 145 to RHS => x>180—145 =35 
Ravi should got atleast 35 marks in the third unit test. 


Ad ^ man wants to cut three lengths from a single piece of board of length 91 cm, the second length is to be 
3cm longer than the shortest and the third length is to be twice as long as the shortest. What are the possible lengths of the 
shortest board if the third piece is to be at least 5cm longer than the second ? 


SOLUTION : Let x be the length of the shortest board, then x + 3 is the second length and 2x is the third length. Thus, 
xt(x*3)*2xs91 => 4x4+3<591 => 4x<88 => 4r<22 
According to the problem, 

2x>(x+3)+5 — x2>8 
At least 8 cm long but not more than 22 cm long. 


— DIE Solve the inequalities -3x + 2y = —6 graphically. 


SOLUTION 
Let us draw the line - 3x + 2y =- 6 
The line passes through A(2, 0), B(0, — 3) 
The line AB represents the equation — 3x + 2y =- 6 
Now, consider the inequality 
—3x+2y>-6 
Putting x = 0, y=0 
-0-02-6 


Which is truc 
Hence, the solution region is the half plane above and including the line 
repersented by equation —3x + 2y = —6. Graph of this inequality is shown 


in the figure by shaded area. 


Solve the system of inequalities graphically : 3x + 2y S 12, x z l,y z 2 


SOLUTION 
Inequalities are 3x + 2y<12,x>1,y22 
(i) The line 3x + 2y = 12 passes through A(4, 0), B(0, 6) 
AB represents the line | | 
3x * 2y 212 \ 
Putting x = 0, y  0in3x *2y € 12 
-0+0<12 
Which is true 
Origin lies in the regi 










3x+2y<s 12 
the region below the line 3x + 2y = 12 including the line. 
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(ii) The line x = I passes through E(1, 0) and F(1, 2). This line is represented by EF. 
Consider the inequality x > | 





+2y= 12 
Putting x = 0, we get 0 > 1, which is not true 3x + 2y 


Hence, origin does not lie in the region x > | 

Hence, x > | repersents the region on the right of EF including the line EF. 
(iii) The line y = 2, passes through the points F(1, 2) and L (0, 2) 

Putting y = 0 in y 2 2, we get 0 > 2, which is false. 


Origin does not lie in the region. Hence, y 2 2 is represented by the region 
above the line repersented by y = 2 including the line. Hence, the region 
satisfying the system of inequalities. 


3x*2y€12,x 21, y 22 is the shaded region shown jn the figure. 


Example IE Solve: -12< E 2 


SOLUTION : Subtracting 4, we get 


-12-4«4-35 -452-429-16<2 5-2 


se 5 5 oe 9 5 _, -80 -10 
b —,— lc x> <s -2 x- > — < x S — 
Multiplying by 3 loue s "s 3 3 3 


or 


|= 2 js 35cU5 ee 
3'3 3 , = 


+11 
ere eee Solve: 1s" < 11 


axt eo siix2 => 14s3x411s22 





SOLUTION : Multiplying by 2 we get 7x25 


Subtracting by 11 
14-11€3x«11-11€22-1172» 3s3xSll 
11 11 
Dividing by 3, I$xs- or xe LZ 


11 
i.e... v is greater than or equal to | and less than or equal to E 
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LINEAR INEQUALITIES ies CEN 





DIRECTIONS: Complete the following statements with an 
appropriate word / term to be filled in the blank space(s). 





1. | The two signs > and < are called the signs of ............... 
A; denotes... re 
AQ —*OMOUE LL seris 
4. — VODBNEE ooo cass 
5.  Sdenotes ..................- 





DIRECTIONS: Read the following statements and write your 


. answer as true or false. ; 





1. The square of any real number is always greater than or 
equal to 0. 

2. Ifa>bthenat+c>bt+e 

3. Ifa<band b <c then we can write a < b <c. 

4. 5x2+6>7and 6x + 6y € 8 are some of the examples for 
linear inequations. 

5. Ifx+y<5 then either x < 5 or y < 5 or both 

6. Ifa>b, then a b for all a, b and ce Rwherec<0 - 


C Cc 





DIRECTIONS: Each question contains statements given in two 
columns which have to be matched. Statements (A, B, C, D, E) 
in Column I have to be matched with statements (p, q, r, s, t) in 
column II. 





1. Column! Column II 
(Inequalities) (Solution Set) 
(A) -11<4x-3<13 (p) [2,4] 
(B) 3x — 6 2 0 and (q) (7, -3] 

4x-10<6 

(C) 4x- 1220 (r) (3,9) 
(D) 7x * 9 » 30 (s) [3,o) 
(E) 3x *17s2(1-x) (t€ [-2,4] 


us» V ou poses ueslons 


DIRECTIONS: Give answer in one word or one sentence. 








1. Define the term “Inequation”. 
2. Solve : 30x < 200 when ‘x’ is a natural number. 


n 


3. Solve: 7x +3 < 5x + 9. Show the graph of the solutions on 
number line. 


» 


à à; l 
Find the solution set for the inequation - » 0. 
x+ 


In the diagram below, the unshaded region R is defined by 
three inequalities, one of which is x 2 0. Write down the 
other two inequalities. 


Ss 


Solve: 2<3x-4<5 


DIRECTIONS: Give answer in 2-3 sentences. 








- Solve the inequalities 3(x—1) € 2(x —3) for real x. 
2. Solve : 3x - 8 » 2, when 


(1) x.is an integer 


(ii) xis a real number 


e 


To receive grade *A' in a course, one must obtain an 
average of 90 marks or more in five examinations (each 
of 100 marks). If Sunita's marks in first four examination 
are 87, 92, 94 and 95. Find minimum marks that Sunita 
must obtain in fifth examination to get grade 'A' in the 
course. 

4. The longest side of a triangle is 3 times the shortest side 
and the third side is 2 cm shorter than the longest side. 
If the perimeter of the triangle is at least 61 cm, find the 
minimum length of the shortest side. 


5. Solve the inequalities * > * , | for real x. 
A og 


6. Solve the inequalities 37 -— (3x + 5) 2 9x - 8(x —3) for 
real x. 
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ETE LN CONS CS e dein n MM MS E ER MENU <= Mathematics 
[^ Solve the inequalities 3x - 4y «12 graphically in two- co: ZH 
i dimensional plane Laa Long Answer Questions 
8. Solve : 6 < 3-(2x-4) «12 DIRECTIONS: Give answer in four to five sentences. 
9. Solve: -3< 42% <18 1. Solve the following inequation graphically : 2x+3y<6 
2 2. Solve the following inequation graphically : y € — 3 


- 3. Exhibit graphically the solution set of the linear inequations 
10. Solve: -15 < 2&2 < 
E pru 3x+4y €12, 4x -3y £12, x 20, y 20 
4. Solve the following system of linear inequalities : 
x*2211;2x € 20 
S. Solve the system of inequalities graphically : 2x — y> 1, 
x -2y «-1. 


21] 


LINEAR INEQUALITIES 





DIRECTIONS: Answer the following questions. 


CSD adipe Chics iia 


DIRECTIONS: This section contains multiple choice questions. 
Each questions has 4 choices (a), (b), (c) and (d) out of which 











ONLY ONE is correct. | 1. Solve the following inequations graphically: 
|. The smallest value of x such that -n € x - 4//n, where n (i) |x|s3 (ii) | y-x|s3 

is a non-negative number, is iji alin’ 

(a) 2 (b) 0 (iti) |x-yl2 


2.  Findthe linear inequations for which the solution set is the 











4 
(c) - (d) 16 shaded region given in Fig. 
A d ci <l, then which of the following cannot be the ' 
x~- 
value of x ? 
(a) 0 (b) ! 
(c) 2 (d) 4 
s 2x - 5 i 
a If 0< <7 and x is an integer, then the sum of the 
greatest and least value of x is 
(a) 9 (b) 10 
(c) 6 (d) 12 
4. The common solution set of the inequations 5 < 2x 7 «8 
and 7<3x+5<9 is : 
2 4 4 
Z e -Ilsxs- 
B osa . 
(c) 3$*$4 (d) Null set 3. A company manufactures cassettes and its cost and 
5. Set of solution for: revenue functions for a week are C 230042 and 
x-5)-7(x-2)2 4x4 9 and , , 7 
G0 5) -"( ) R 7 2x respectively, where x is the number of cassettes 
2(x-3)-7(x-5) 83x -9 Is | produced and sold in a week, How many cassettes must be 
(à [-4,1] (b) [1,1] sold for the company to rcalize a profit ? 
(c) [2,1] (d) [-3, 1] 4. Solve the inequation: 
6. If x and y are any two positive real numbers then x > y 2 
implies, Dedi >lx#4 
x= » a 
aj * x| -1 
(c) Lot (d) zd 5. Sess Lag NE Rx*t2 
x y x y |x| -2 
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EXERCISE | 2. 
FILL IN THE BLANKS 
l. inequalities 2. greater than 
3. less than 4. greater than or equal to 
5. less than or equal to 
d. 
TRUE/FALSE 
l.., True 2. True 3. True 
4. False S. True 6. True 
MATCH THE COLUMNS 
l. (A) >t, (B)> p, (C) > s, (D)  r, (E)>q 
VERY SHORT ANSWER QUESTIONS 
l. An open sentence which consists of one of the symbols 
>, <, 2, < is called an inequation. 
2. 30x«200 ms 
30x 200 20 
— << — > ¥< — 
30 30 3 
Since, x is a natural number 
the following values of x make the statement true. 
l,2,3,4, 5, 6 
3. 7x+3<5x+9, 
or 2x<6orx<3 
The graphical representation is 5. 
E ——— a n O a a 
4 -3 -2 -1 0 1 2 3 4 
4. Given inequation is 
l 
—— > 
x+] 
=> x»-] 
Solution Set = (x : x » -1] 
5. Other two inequalities are x + y € 3 and y 2 1. 
6.  Adding4, we get 6 


2+4<53x-44+4<54+4 = 6<3x<9 
Dividing by 3, 2€ x < 3, Thus the solution is [2, 3] 


SHORT ANSWER QUESTIONS 
1. The inequality is 3(x - 1) S 2(x -3) 
= 3x-3<2x-6 
Transposing 2x to L.H.S and —3 to R.H.S. 
=> 3x-2x€-64«3.x&-3. 
The solution is (-ce, —3] 


Inequality is 3x + 8 > 2 
Transposing 8 to RHS we get 3x > 2 — 8 =-6 
Dividing by 3, x > -2 
(i) When x is an integer the solution is —1, 0, 1, 2, 3 
(ii) When x is real, the solution is (—2, co). 
Let Sunita obtain x marks in the fourth examination. 
Average of marks of 5 examinations. 
87+92+94+95+x 368+x 
~~ ee B 
This average must be atleast equal to 90 


> =~ + 290 


=> 368+x21= 5x90 = 450 x > 450-368 = 82 


ie. She should obtain atleast 82 marks in the fifth 
examination. 


Let shortest side measure x cm. Therefore the longest side 
will be 3x cm and third side will be (3x - 2) cm 


According to the problem, 
x*3x-3x-2261— 7x 2» 61 
or 7x>63=>>x>9cm 


Hence, the minimum length of the shortest side is 9 cm 
and the other sides measure 27 cm and 25 cm. 


The inequality E» ad! 
| 2 


Transposing ^ to LHS. 





ienlifoia X X 2x-3x -x 
Simplifying, ^CIMC >l : >] or -—d 
Multiply by-6, x «—6 
^. The solution is (— e, — 6) 


-9 -$ -7 -6 -5 4 3 


The inequality is 37 -(3y4 5)» 9x- S(x-3) 
Simplifying 37 -3x -5»2 9x -gy4 24 
= 32-3x2x4+24 


Transposing x to L.H.S and 32 to R.H.S, -23y-»2 24-32 
or -4x2-8 


Dividing by — 4, we get y 52 
^C The solution is (- es, 2] 


p! 

= 

» 
-— 
2 
Zz 
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PP 


10. 


We draw the graph of the equation 3x + 4v = 12. The line 


passes through the points (4, 0), (0, 3). This line is repre 
sented by AB. 


Now consider the inequality 3x + 4y € 12 


Y 


; 7A 3) 
< 4D», B(4, 0) 
| UY, 1/4)». X 


-2 


ry e 


Putting x = 0, y= 0, we get 
0+0=0<12 


Which is true ` 
Origin lies in the region of 3x * 4y <12 
The shaded region represents this inequality. 
Dividing by 3, 2 < -(2x-4) < 4= 2€ -2x* 4&4 
Subtract 4, we get 2-4<-2x+4-4<4-4 
or -2<-2x<0 = 12x20 (* dividing by -2) 


Hence, x is less than or equal to ‘1’ and is greater than 0 


ie. X e [0, 1] 
Subtract 4, we get 


-3-454-75-4<18-42-7< -5< 14 


d Paty! a 2 
Ryne" SATB FAT BMT 


= 2>x>-4 => xe[-42] 


x is less than or equal to 2 and greater than or equal 


to -4. 
Multiplying by 5, 


-15x5 «38 D x5 50x53 -75 < 3(x-2) <0 
= rH rera (Divide by 3) 
3 3 


or -25<x-2<0 
Adding 2, we get 
—25+2<x-24+250+2 
=> -23<xs2 
Hence, x is less than or equal to 2 and greater than — 23 i.e. 


x €(-23, 2] 


LONG ANSWER QUESTIONS 


l. 


Given inequation can be rewritten as 2x 43y = 6. 
By putting = 0 and x= 0 in equation, we get x = 3 and y = 2. 


TA p M at srt dur VIA * fe Ma CLE . a t ‘ 
oat a iy RAGS vi enia ners y 5 


We plot these points on graph paper and join them. 
This line divides the xy-plane in two parts. Clearly. 
(0, 0) satisfies the inequality. So, the region containing the 
origin is represented by the given inequation as shown in 
Fig. This shaded region represents the solution set. 





Given y € — 3. which can be rewritten as y = —3. Clear- 
ly, it is a line parallel to x-axis. The line y = —3 divides 
the xy-plane into two regions one below it and other 
above it. We find that (0, 0) does not satisfy the inequa- 
tion y € — 3. So, the region represented by the given 
inequation is the region not containing the origin as show in 
Fig. Clearly, it is the solution set. 


Y 


mE ~ O X 


X. 
(0-) y=-3 


^ 


The inequations reduce to 3x + 4y = 12, 4x + 3v = 12, 
x=Oandy=0. 


The line 3x + 4y = 12 meets the coordinate axes at 
A(4, 0) and B(0, 3) Join A and B. We find that (0, 0) sat- 
isfies inequation 3x + 4y S 12. So, the portion contain- 
ing the origin represents the solution set of the inequation 
3x + 4y S 12. 

Now, the line 4x + 3y = 12 meets the x and y-axes 
A iQ. 0) and B,(0, 4) respectively. Clearly, the region 
containing the origin is rzpresented by the inequation 
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4x + 3y S 12. 

Clearly, x 2 0 and y 20 represent the first quadrant. Hence, 
the shaded region given in fig. represents the solution set 
of the given linear inequations. 





The given system of inequalities is 
rt22]1» O= Oof ća (1) 
2x s20 0 00 (2) 
Now,x+2>11 => x»11-2 = x>9 
=> Xx € (9,0) 
Solution of inequality (1) is x » 9 
and 2820 = x&10 = x € (-x, 10] 
Solution of inequality (2)is x10 —  .... (4) 
Clearly the common values of x satisfying (3) and (4) lie 
between 9 and 10. 
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which is false 


Hence, half plane region lying below AB is the solution 
region. (not including the line AB). 


Graph of inequality (ii): 
Let us draw the graph of the line x — 2y 7 -1 
Putting y = 0, x = -1, point C is (-1, 0) 


l 
Putting x = 0, y= ; , point D is (o, 1) 
putting x = y = 0 in (ii) we have 0 <—I, which is false 
Hence, half plane region lying above CD in the solution 


region (not including line CD). Thus the shaded region is 
the solution region of the given inequalities. 


EXERCISE 2 


MULTIPLE CHOICE QUESTIONS 
l. (c) —nsx-4Jn => x2z-n«4dn 


=> x24-(n-4Vn+4) 


=> x24-(/n-2) 
Now, Vn a 2)? is positive since it is a perfect square, 
the least value of (Vn - 2)? =0. Thus, x 2 4. 


(d) Given, E43 
x-3 1 x3 
Subtract | on both side, a l<1-] 
X=- 


<l 





Hence, the solution of the given system is given by 
9<x S10 = x e (9, 10) 








5. 2x-y»l ...(i) and x-2y«-1 (ii) ai 
Graph of inequality (i): => <0 
Let us draw the graph of line x-3 
= xcannot be equal to 4. 
2x-y=1 
É l E fj 3. (d) Given, 0< 275 <7 
ALy 7 0, X 77, the point A is (2.0) 2 


Multiply by 2 on each side, 0«2x-5«14 
Add 5 on each side, 


04+5<2x-54+5<1445 
=> 5«2x«19 


At x= 0, y = -1, the point B is (0, -1) - 
Putting x = y = 0 in (i), we have 0 > | 





DOF FE E EP E 





5 19 
~<x¥<— 
> 2 2 


So, Required sum = CAR. e. = 12 
4 2 2 


4. (d) Consider $< 2x47<8 
=> -2s2xsl 


2 2 
Consider 7<¢3x45<9 
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represented by x-y-350 and x-y+320 as 


2 4 shown in Fig. This shaded region represents the solu- 
= 21S 3 tion set of the given inequation, 


There is no common solution set. 
5. (a) (x+5)-7(x-2)24x+9 

= 19-6x2>4x+9 

=> 10210x 

-X v«€] Nasal) 
2(x-3)-7 (x5) S3x-9 

=> -5x-41s3x-9 

= -8x-41s-9 





=> x2-4 eee i 
Thus, from (1) and (2) (iii) Given, |x- »| 21€ x- y Zl or x- y $-1 (A) 
: ~4<xsl The required region is the union of regions represented 
6. (a) x>y by equation (A) as shown in Fig. The shaded region 
ep ox Wy represents the solution set of the given inequation. 
HOTS SUBJECTIVE QUESTIONS 


1. (i) Given inequation can be rewritten as, x = 3. This equa- 
tion represents a line parallel to y-axis at a distance 
of 3 units from it. The line given by x —3 divides the 
xy-plane into two regions. 

Clearly, the point O(0, 0) satisfies x S 3. The shaded 


region represents the solution set of this inequation. 





2. .x*y S4 y S3,xS3,x45y24,6x42y 28, x 20, y 2C 
3.  Wehave, 


Profit = Revenue - Cost 
To earn some profit, we must have 
Revenue > Cost 


=> 2x > 30042 





(ii) Given | » - x | S3. This inequation is equivalent to 


=> 2x-Żx>300 
-3 S y- x S3 [-|x| Sa & - aS x S a] 


x 
c -3S y-x and y-x$3 =, 2;^*99 = x» 600 


= x-y-3S0 and x- y *320 


Hence, more than 600 cassettes must be sold. 
Required region is the region common to the regions 
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Due Bi ee 
5. Given 
4. Consider E >lLx#4 | |x| - >0 
x-4 |x| -2 
2 i “= Jx 
T" lica" La FU ^ 
l => : = 20 
^ n 
= 2»|x-4| C ‘|x-4| > 0 forallx 4) yslory>2 > Ix] < tor l| >2 


=> 4-2<x<4+2 
(-l <x <1) or(v <-2 orx> 2) 
x € [-1, I] orx € (~œ, 2) U (2, eo) 
x € [-1, 1] U (~>, -2)u (2, eo) 
Hence, solution set- 
[-1, 1] u (79e. -2) U (2, e») 


( \w-al<rqa-r<x<atr) 


ud J 


=> 2«x«6-xe (2,6) 


But x #4 
Solution set is (2, 4) U (4, 6) 
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Venn Diagram of Nu 


mber Sets | 


X NTT uN ^ 
T VAST a 


He Real 
‘Numbers 


Rational Integers 





INTRODUCTION 


In this chapter, we extend the number system from real numbers to complex numbers, which have 
significant applications in mathematics, physics and engineering. For example, complex numbers are 
used to describe voltage and other electrical quantities in physics. 


To define a complex number, we first introduce a new set of numbers called imaginary numbers, in which 
square roots of negative numbers are defined. 


The basic unit of pure imaginary numbers is V-\ and it is denoted by ‘i’. Thus by definition i = 4-1 and 
iy 2-1; (04 =1 
If a is a positive real number, then 4-a = iJa 


In this definition, we choose to write 'i' in front of any radicals, so that expressions such as Jai is not 
confused with Jai , | 
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J "ndi elm r . tigr 
CTZ ees 
` 


COMPLEX NUMBER 


A number of the form a + ib, where a, b are real numbers, and i = V-I is called a complex number, a is called the real part and b is 





called the imaginary part of the complex number. i is read as iota. A complex number is usually represented by z. i.e., 


z-atib 

INTEGRAL POWERS OF IOTA 

We have i= V-1 and 2- -1.S0 2 =P i- (Cis. j 
and i*- (23 =(-1)? =1. 


Note that 9 is defined as 1. 


To find the values of i”, n > 4, we first divide n by 4. Let m be the quotient and r be the remainder. - 
Then n=4m +r, whereü € r € 3. 


Hermt Fay far [: f*-1] 


Thus if n > 4, then i" = i, where r is the remainder when ^ is divided by 4. 
For any integer k, j^ = 1, j4* 1— j jdk*2.— — |, i/4*32. j 
The values of the negative integral powers of i are found as given below : 


MODULUS OF A COMPLEX NUMBER z - x « iy 
|z| = Distance of point (x, y) from origin in XOY-plane called Argand plane 
y 





MULTIPLICATIVE INVERSE OF A COMPLEX NUMBER 


For any non-zero complex number z= a + ib (a+ 0, b € 0), there exists the complex number A or a 


zz 





- dics. ; called 
a^ +b“ a*+b 


a 





the multiplicative inverse of z such that z - 1. (a * ib) 


ei) 218021 
z 


a*+b* a+b? 
ALGEBRAIC OPERATIONS WITH COMPLEX NUMBER 

(a) Addition : (a + ib) + (c + id) - (a + c) * i(b * d) 

(b) Subtraction : (a+ ib) - (c id) 7? (a - c) * i(b - d) 

(c) Multiplication : (a + ib) (c+ id) = (ac — bd) + i(ad + bc) 

(ac * bd) " i(bc — ad) 


+ib 
(d) Division : Site ( when at least one of c and d is non-zero) = 2.73 +> 
c id c? «d cà +d? 
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POLAR FORM OF A COMPLEX NUMBER 


Every complex number x + iy can be represented geometrically as a unique point P(x, y) in 


the XOY plane whose x-coordinate representing its real part and v-coordinate representing 
its imaginary part. 


Let the directed line segment OP be of length r and makes an angle 0 with the positive 
direction of the x-axis (0 in radians) in anticlockwise direction 


The point P can also be uniquely determined by the ordered pair of real numbers 
(r, 9), called the polar coordinates of the point P. 


Clearly, x =r cos 0, y= rsin 0, 
y 
r= x? + y? , tan 9 = — 
x 


Thus z = r (cos 0 + i sin 0) is the polar form of =. r is the modulus of the complex number z and 8 is called the ARGUMENT (or 
AMPLITUDE) of the complex number z, denoted by arg (z) or amp (z). Hence, 


r=|z- {x +y and 0-arg(z)-tan = 
X 


Z = {cos 0 + i sin 0) is also written as r cis (0). 





The unique value of 0, -n <0 < x is called the principal value of the Argument. 


WORKING RULF FOR FINDING PRINCIPAL ARGUMENT 





Let tana = z| where a is an +ve acute angle 

x 
(i) Ifx>0,y>0; then = arg(z)=a (ii) Ifx<0,y>0; then 0 =arg(z)=n-a 
(iii) Ifx <0, y <0; then 8 = arg(z) =a- x (iv) Ifx> 0, y «0; then 0 = arg(z) = -a 
(v) Ify=0 and x> 0, then 0 = arg(z) = 0 (vi) If y 2 0 and x <0, then 0 = arg(z) = n 
(vii) If x ^ 0 and y > 0, then 0 = arg(z) = 1 /2 (viii) If x = 0 and y < 0 then 0 = arg(z) = -n /2 


CONJUGATE OF A COMPLEX NUMBER 


If z=a+ ib bea complex no. Then Z = a — ib is called the conjugate of z. 


Properties « of conjugate of complex number: 
(1) (zb |) = Zz : (ii) Z| İz = Zi tz 


— 


i aa á Zi Z F 
(iii) 24-2 = Z,.22 (iv) (2) = l if z, #0 
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| ! VY TP 19y ki! i Mathematics 


MISCELLANEOUS 


, 3 
Illustration 1 : Express the complex number [+ 3i) in the form a + ib. 


3 3 2 
». B" ID". DL Ux us 
SOLUTION : (ieu) (2) «x an «s (1) ai)? «ai 
| 
— ° Bf... aua TEE : 22 
oq tit ( Jen a7 Tt! 9 - 27i.(i^) 


b. 242 
--——*i-9427i(-1) 2 —4i-9-27i 2-222. 26; 
27 dissi "nd abu en 


It is in the form of a + ib, on comparing, 


so, that a= Cm b = —26 


Illustration 2: Find the multiplicative inverse of (V5 + 3i) 


SOLUTION : We have multiplicative inverse of 4/5 +3i 


l l V5 


-3i ; eis 
Jesi = T x d53 (multiply both numerator and denominator by conjugate of V5 +37) 


— i 


45-31 J5-3i usa as P 


Illustration 3 : Express the following expression in the form of a + ib (3+ iv5)3- is) 


SOLUTION : We have Gi JS) - iV 5) BY - GJ5y 9 —5i? 


(V3 «i J2) - (V3 - i42) ae ts ee OPPS 242i 


.3-5c0 1 _ 7 (X2 MAE qu 
22i — 242i 2i 42i 2j) ^ 3 


Illustration 4 : Find the modulus and the arguments of the complex numbers z = -14.; 4/3 
SOLUTION : z  -Ve i3 >| z |= JC-1. - (43) = V4 =2 
we know that the polar form of z = r(cos0  isinO) 


Let -1+iJ3 = r(cos@+isin®) => rcos@ = —1 and rsin@ = V3 
By squaring and adding, we get 





r?(cos*@+sin?@)=1+3 => P=4orr=2 
n n 2n 
=> tanO = —tan— =: t: ( -£) = te (= 
3 n 3 an} 7 3 an 1 


or, 0- Ld i.e, 0 lies in 2nd quadrant. 


Hence, arg z = = and |z| = 2 
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Coue ex Nuwsess too o Fete no i RI i 
Illustration 5 : Convert (1 a in the polar form 
SOLUTION : We have | —i =r (cos 8 +i sin8) => r cos 8 = 1, rsin8—-1 


By squaring and adding, we get r^ (cos 0+sin?0)= I +(-I? 2 2.12141 => 7-2 
r- 42. By dividing road = z =-l 
rcos6 | 
tar 6 =—1. 6 lies in fourth quadrant. 
ues 
4 


Polar form of 1 - i = 42 (es(-5) isi (-5)) 





l 3 
Illustration 6 : Express the complex number [2-34 in the form a + ib 


j| rere C9 
sourrow : (2-11) -(-2y -3(-2) (33x 2) 3! + ri 


m l 5 1.2 
—--8-4i—-6x—(i*')-—i' --8-4i-—(-1)- —u 
—$8 — 4i 6x50 ) 27! 3 ) 27 


—-8- 4i E hg 1) 2-8 dia liu 25 UH, 
ss a 327 53 2] 
. 2 107 
It is in the form of a + ib, where qu b 


Illustration 7 : Find the multiplicative inverse of 4 —3; 


SOLUTION : We have multiplicative inverse of 4 — 3i 
|. 443i. 443i 443i 443] 4 3 


— ——— — —— 
—— 


4-3 443i 4-9 1649 — 


Illustration 8 : Find the multiplicative inverse of — 


; "TE 
SOLUTION = We have multiplicative inverse ot — = i 


Illustration 9 : Find the modulus and the arguments of z = — 3+i 
SOLUTION : We know that the polar form = = r(cos® +i sin 8) 
—h «i = r(cos0  isin0) > rcos8 = —3 and rsin0 -1 
By squaring and adding, we get r? (cos? 0--sin^ 0) = (BY +1 
R. 1=4 =~ r=2 


By dividing, rsing - es] . 0 lies in second quadrant 


rcos8 3 
nxn Sn 
wil at. 
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[332] CHINO NP Aes. Anci at 





BA Mathematics 


Illustration 10 : Convert (-1 + i) in the polar form 

SOLUTION : We have —1 + i =r (cos 0 + isin 8) 

=  rcos0 --] andrsinO= | 

By squaring and adding, we get r? (cos? 0 + sin? 8-2(-))?«?25;2.121-41 
1222 So Pru J2 


y gx ind 1 
By dividing, —— ee da 





0 lies in second quadrant; 0— x 25,25 


4 


JE ouo: di 
Polar form of (-1 i) da [cos Ee isin | 
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COMPLEX NuwatRS [133] 





up. Filbinthe Blanks 0 i Shar Answer Questions 
DIRECTIONS: Complete the following statements with an DIRECTIONS: Give answer in 2-3 sentences, 
appropriate word/term to be filled in the blank space(s), 








< Value of i5 is |. Multiply (3 — 2i) by its conjugate. 


1 
2. Value of i? is 


BM sat ^ + l + i " 
. 2. Find the least positive value of n, i Tcl =| 
3 — Value ot i" «i! «i ji = forall ne N. T: 
4. Valeof(-/-1) "8 1 EN X Find non-zero integral solutions of |1-i|'« 2" 
5. Multiplicative inverse of 3 — 2i is ; d "uw" wv 
4. Find the modulus and principal argument of —2. 
=| * 23 +I 
^» anm Daat oa Mm + j a bs 
S, Mz = 2-2)" 1 +i find [. ier 











DIRECTIONS: Read the following statements and write your 





answer as true or false. le? lei 
„Ç wh P 
6. Find the modulus ol tI. 
-— -i i 
1. — Ifzisacomplex number then (2) z 
: s of hie 6 4 7. Find the conjugate of 

2. Conjugate of 4 - 5i is 5 - 4i. yug 34 4i 

.. The modulus of a complex number z = a + ib is denoted » Lus 2 N . 

by |=| 8. Find the multiplicative inverse of 2 = 3 = 2i. 

4. Modulus of- 4 is 4 | REPE m 
5.  Ifz, and z, are two complex numbers then iro» | Lang Answer Quest ons — 








— 
v 


=| (22 


DIRECTIONS: Give answer in four to five sentences, 


aan € o2 (0 P RR. OS Per TA TON TNT, 


1:22 
n us Á— n M——— — ——» 

EN ee 1. Find the modulus and principal argument of (1 7) and 
— — n NM e RERO hence express it in the polar form, 
DIRECTIONS: Each question contains statements given in two 

. ^ 9 * b , a " ] C + i . 
columns which have to be match d. Statements (A, B, C, D, E) y Itari vilem cipe pow ida: 
in Column I have to be matched with statements (p, q, 5 s, t) in cai 





l 2c 
column Il. ab! al and a -—— 
1. Column! Column Il i a cl 
(A) Multiplicative inverse of (p Sti 3. Find the value of. x* & 7x? - x16, When ys Le 2i 
(2+ 3i) is s 
PE . \8 
(B) Conjugate of FET is (q) -6-2i 4, Evaluate : | t (5 | 
( C) Value of (3 + 20) (2 - 3/) is () 12-53 &. Find the modulus and, argument of the complex number 
| A4 i 
(D) If z, = —2 + 3 and (s) OMEN | 21 
z} 4 + Si then the value I-M 
ai è d 3-2! (t) 3 "RUP 
(E) Ifz, *2 * 3land z; * 4 - TART , 
then the value of z, + z; is | | 
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—————————————————— 
DIRECTIONS: This section contains multiple choice questions. 
Each questions has 4 choices (a), (b), (c) and (d) out of which 





ONLY ONE is correct. 
«2 
l. (=) 
1+i 
(a) i (b) 2i 
(c) 1-i (d) |- 2i 





l 3 3+4i 
$5. jf (ez: ] is of the form a + ib, then 


1-2i  14+7)\ 2-4; 


values of a and b are 


Iti 

(a) a=2,b=-1 

(c) a=0,b=1 
1+7i 
(2-i) ' 


1-i)'” 
3. i =) =a+ib then 





4. He= 


l 9 

=e bs- 

m s 4 4 

l -9 

-——,bz-—— 

uy 44 4 
(b a=1,5=0 
(d a=-l,b=2 


then the polar form of z is 


(a) V cos + isin] (b) [eos + isin | 


(c) Ji cos 7E + isin TE (d) None of these 


57,1 
5. t + 5 ; 

(a) 0 

(c) -2i 


6 UPIRA rs 


(a) positive 

(c) 0 

z —5i 
z 5i 











7. Ifz=x+ivand 


(a) x-axis 
(c) liney=5 


when simplified has the value 


(b) 2i 
(d) 2 


(b) negative 
(d) cannot be determined 


= | then z lies on 


(b) y-axis 
(d) None of these 


8. For z= V3-i, the principal value of arg(z) is 


(a) —U/6 
(c) -m2 


(b) -7/3 
(d) -T4 





The multiplicative inverse of z = 3 — Zi, is 


| ; 
| 342i b — G-«2i 
(a) +21) (b) z 6+2) 


l p me 
(c) 150-99 (d) 3° 2i) 


If (x + iy) (2 - 3i) 2 4 +i, then 
(a x--14/3,y-5/3 (b) x=5/13, y= 14/13 
(c) x214/3,y 7 5/13 — (d) x=5/13, y=- 14/13 


ap No a as at 





DIRECTIONS: This section contains multiple choice questions. 
Each question has 4 choices (a), (b), (c) and (d) out of which ONE 
or MORE may be correct. 





Which of the following is /are not correct? 
(a) (a+ib)+(c+ id)=(a+c)+i(b+d) 
(b) (a+ ib) + (c+ id) =(a+ ib) - (c + id) 


(c) i*»1 

(d) =- 

Which of the following is /are correct? 

(a) P--i (b i=V-1 
() f" (d P-i 


Which of the following is/are not correct? 
(a) conjugate of a + ib = a — ib 

(b) conjugate of a + ib 2 — a — ib 

(c) conjugate of a * jb 2 — q + ih 

(d) conjugate ofa + ib = @ + ib. 

Which of the following is/are incorrect? 


(a) z-z,wherezisa complex number. 


—— 


(o) 2,2, =, +5, (d) z >= 


~ — 
l'e? 


22 


Which of the following is/are correct? 


(a) ==r(cosO+isin®) is the polar form of z. 


(b) modulus of z= r =| z |= Je £v where zaxtir 


(c) O=argument of z  tan^! V 


(d) None of these 
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M MEN E LE NEAR ND MC 
ixi» Assertion & Reason 
* o UL A" er ; XE : 
: MANC tenor ere 1S Nery ANO 





DIRECTIONS: Each of these questions contains an Assertion 
followed by reason. Read them carefully and answer the question 
on the basis of following options. You have to select the one that 
best describes the two statements. 


(a) If both Assertion and Reason are correct and Reason is 
the correct explanation of Assertion. 

(b) If both Assertion and Reason are correct, but Reason is 
not the correct explanation of Assertion. 

(c) If Assertion is correct but Reason is incorrect. 

(d) If Assertion is incorrect but Reason is correct. 





[35] 


Assertion : If z, 2 2- iy and z; 7» x * 3i are equal then 
2 —-xand -y - 3. 

Reason : Two complex numbers 2, =4,+/5, and 
Z, = a; +ib, are equal if a, = a, and b = b. 

Assertion :If —3--ix?y and x’? +y+4i are conjugate 


of each other then the value of x and y is +1 and — 4 re- 
spectively. 


Reason : If z=a+ib be a complex number then 
z-a-ib is called the conjugate of z. _ 


Also, quadratic equation whose roots are « and p is given 
as x? - (o. B)x - ap =0. 
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EXERCISE-I 


' SHORT ANSWER QUESTIONS 


FILL IN THE BLANKS 1. . Conjugate of (3 - 20) 2 3 + 27 
l. į!35 it Pp * 


=—j 


^ (3-21) (3 + 21) =9-47 = 13 (7 P =-1) 


l+i (Di) — 
2. LTE LM (By rationalizing) 
2. ¡Paps i TÉ" y 


C^. 135 leaves remainder as 3 when it is divided by 4.) 























(«+ The remainder is 3 when 19 is divided by 4) ia 2f] 
3. i" 4 j"*! +i"*? ;£i"*? = 1+1 T 
= ;” ary , 13 » i bo d y ' 
P[Veiti^*b])-i"[Ixi-1-i] Tw a 
=i"(0)=0. | uH ” 
ea 4n+3 \4n43 dn; 3 
4. (- -1) -(-)" = (-i)"(-i) => =| > i"=if=>n=4 
=(-i*)"(-i} =-i =i 
a. —f'z a 
3,2, u l1-i[l'22 
13 13 =| 2 E] x x/2 x 
‘ XQ) +(-1)° | 2'22*"^z2 
TRUE/FALSE 6, 
1. True => 5 eee reg, 
2. False. l Hence, the given equation has no solution. 
Required conjugate = 4 + Si 4. Let z=-2i=0+(-2)i. Then 
3. True ' 
4. True. Iz|- 0«(-2) 22 
Letz 2 —4 * Oi Clearly, the point (0, —2) representing z = —2i lies on the 
\z|= f 4 «(9 -4 negative side of imaginary axis. 
5. True Therefore, principal argument of z is —. 
MATCH THE COLUMNS à z*z*l Q-De«()-«l 
1. (A) (S, (B) > (i), (C) > (D, (D) — (a), (E) > (p) z-z*i| (2-i)-(1+i)+i 
(A) Let z = (2+ J3iy? = 2-i«l*i«l 4 4 l+i 4(l+i) 
3 r . E Se ET Roo ek RP 
22443) 443i m 14433 2-i-l-i«i l-i l-i l+i P? 
1. — I1-44i Ae OED ME 
7. (Ie 443iy10 - 445i) Oo ^ 3 A) 
- A 45, 2,+2, +1 - [dei 
y 49 'in-z +i) | ies 
(B) Let z= 
344i — / -2|0«0| 224 «(! «2/2 
3 - 4i 3 4 
= 2 —— =§ ———i 
(3+4i)(3-4/) 25 25 e EL lti (Qui densi 2i 
T o l-i l-i l+i 4-2; I 2 — 
m - us 1M 3 " . 
(C) (3 + 2i)(2-3/) *6-9/* 4| - 67 a ee a AO i! o E aat PA 
=6-5i-6(-1)=6+6-51 lef odeb lei 1-7 ltl 2 
=12-5i i i | 
l+i l-i l+i l-i 
(D) 2-2 = (-2 + 3i) - (4 + Si) * - 6 - 21 ' Wa Res rore Ln rA lot dei =2 





(FY 2. +27. =(2 + 3/V4+(3 - = S 4 i 
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Dh o: 1995 k 
344) (3441-41) 250-9) 





à; l l 
.= conju ate of ( -c 3 « 4i 
ix 34) ^25 5 * 9 


: 3 (C 
&or'e. Ru ei 
3 -(-2)5 3°+(-2)° 13 13 
= — 42i 
aor 
LONG ANSWER QUESTIONS 


1. Letz=1+/7. Then, 
\zj=VP? + = V2 


Let a be the acute angle given by tana = Im(z) 


Re(z) 


. Then, 








tna=||=10=4 
l 4 


Since the point (1, 1) representing z = | + i lies in first 


quadrant, therefore 9 = arg(z) = i 


Hence, the polar form of z = 1 + i is 
z =| eos iino) = (sos? | 


2. We have, 
sii 
c—i 
zx ai (c +i) t) 
(c - i) (c * i) 


(c+ iy 


c -i 


=> atib= 


c? +2ic +i? 
c -i 
c^-1 i2c 


c +1 c? +1 


=> atib= 























3.  Wehave, x= 1+ 2i 
= x-1=2i 


337 


x*-2x+5=0 

Now, x! + 7x*-x+ 16 
= x (x? 2x + 5) + 9 (x? 22x + 5) + (12x - 29) 
- x (0) - 9 (0) - 12x—29 [7 x? -2x+5=0] 
= 12(1 + 2i) - 29 
=- 17+ 24i 


[= x=1+2i] 


| 1257? . PN. 
GRO | - [25 «ci»? | =(( ly’ -ic ] 
-[c»*-ic»"]. =p- 

= (-13 + ey +3 CIPD 43-1)? = -1 -P - 31 +3 
=~] -i(i*) -3i +3 
--[I*iP--[HP3.2.1-*3.1?--1] 
-—[1-i-3-*3i] 

=—[-2+2i] 

=2-2i 


j^ (f - dias 


1+2i 142i 143; 053i 82i6/ 








We have, z 2 ——— = ———X*———*^7 j3 
1-3i 1-3i 143i 1—9i 
1-64+5i -545i -5 5, Lok: 
- = -—4—i-2-—-4—i 
1+9 10 10 10 4 4 


Put in the polar form z = r (cos 0 + i sin 0) 
—rcos0 = = and rsin@= 2 
2 2 


By squaring and adding, we get 
e (ay 
r? (cos? 0--sin? 0) = 2 * B 





2 
=> r? T Pas ts UC 
4 4 4 2 
l 
r=— 
2 
rsinO 1/2 
onem "o "m 
By dividing rcos@ -1/2 
3n 3n 
tan 0 - -1 --un = tan( 2-7) = tan => pT 
. 0 lies in second quadrant 
1-2i| 1 -— 1+2i| 3x 
+h yk T 
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EXERCISE 2 
MULTIPLE CHOICE QUESTIONS 


1. (b (25) - —L— Qn 
PT 14/5427 1-142]. 2i 


l 3 _ l+i+3-6i 
1-2i ]«i  (1-2i) (14i) 
„â Si 344i 

(1-2i)(1+i) (2-4i) 
__12+16i-15i-20;? 32 +i 
 (1«i-2i-2i)(2-4i) (3-1) (2-41) 
32356]  — — 324i 
= (6-12i-2i*4i?) 2-14i 
Now, rationalize this, we get 





l 9 
=— and b=— 
ef 
| l-i (1-)(-) (-i) 14? -2i 
3. b Ee ccna tat ee =, T 
O qdu700)0-0 iP ^ 2 ^^ 
=> l-a-ib 
=> a=1,5=0. 
1+7i 1+7i "WP 
= = —— = -! + i (By rationalizin 
4. (a) Zz (2-i)} 3 - 4i i( y g) 


s raz JC «a = v2 


Also, z 2 -14 ij 2 x=-l,y=1 
l T 
—/=] 3 @=— 

J-1 ==; 


| 
tan@ =| 
x 








Since, z lies in IInd quadrant 
« UE SR 
^ argz= n- = 
4 -( 3m, 3n 
Hence, polar form of z = V2 d Sea 








_Mathenat its 


6. (d) Given expression = IHP ti treet spa |: 
Ibo t(—1)", which cannot be determined unless n js 











= jz- Sil? = |z + Sil? = a? + (v5)? =a? + (y 5)? 
= y=0 


| n 
8, (a) Here x= V3, y=-l => und -|-7 — = 


=> Principal value of arg, z = -7/6, 
(Since z lies in the fourth quadrant) 
3 M2) 3 2, 


9, (b z =- 
ms 37 +(-2)? 3'4(-2) 13 13 


l 
= — (3 + 2/ 
13 | ) 


10. (b) x+iy= 2-3 = a. 0 13 


s x=5/13, — y-14/3. 


MORE THAN ONE CORRECT 
l. (b,d) 2. (a,b) 3. 
4. (a,b) 5. (a,b,c) 


(b, c, d) 


ASSERTION AND REASON 
l. (a) Both statements are correct. 


Statement given in Reason is the correct explanation 
for Assertion. 


Let z =2-iy and z, =x+3i 

Now, 2; =z, > 2-iy=x+3i >2=x and-y=3 
2. (a) Given, 

-3+ix y =x + y 4i 

=> -3-ix’y=x* + y4+4i 

=> -3=x +y andxy=-4 


Now, the quadratic equation whose roots are x? and y 
is 


t? -(x + y)t+x*y=0 
=> t=-4,] 


Since, x? 20 ^ x2 =1,y=-4 
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x 6t x0 


C X*tl, x0 
: fl 3 
-xL X <Ù Vie m bine 2) = 2. 
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Limils and Continuity 


“INTRODUCTION. 








Consider a function, f (x) = 2x + 3 


4 
x approaches 4 from left A  xapproaches 4 from right 


Pe c —(—ÓÁ (MÀ S. 
w) oaae] 
zol [inal shoes] | jona 


—_———_ .—————————————Ó———? 
f (x) approaches 11 from left d f (x) approaches 11 from right 





In the above table we see that when the value of x approaches 4 (but not equal to 4) from left, the value 
of f (x) approaches 11 and when the value of X approaches 4 (but not equal to 4) from right, the value of 
f(x) even then approaches to 11. 


Here, 11 is said to be the limit of f(x) as x approaches 4 (but not equal to 4) from either side. We can 


abbreviate this statement as lim f(x) 511 or lim(2x +3) =11.7hus in general, if y = f (x) be a function of x 
X4 a4 


and the value of the function tends to a definite unique value ‘T'as x tends to a partieula value ‘a’ (either 
from left or right) then the value ‘l'is called the limit of f (x) at x = a and we write it as lim f (x) =1. 


A-—-ba 
The word ‘continuous’ means without any break, gap or jump. If the graph of a function has no break, 
hole, gap or jump, then the function is said to be continuous. 
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MEANING OF ‘X —^ a? 


Let x be a variable and a be a constant. If x assumes values nearer and nearer to ‘a’ then we can say ‘x tends to a’ and we write 
'x — a’. 
It should be noted that x — a means : 
(i) x assumes values nearer and nearer to ‘a’ and we are not specify any manner in which x should approach to a. x may - 
approaches to ‘a’ from left or right as shown in the figure. 


(ii) x£a : 
x a a x 
———_e—____.+___ ——M—— oe 
C wmm 
T x approaches ‘a’ from left x approaches ‘a’ from right 


EVALUATION OF LEFT HAND AND RIGHT HAND LIMITS (i.e. ONE SIDED LIMIT) 


The statement x — a^ means that x is tending to ‘a’ from the left hand side, i.e. x is a number less than ‘a’ but very close to a. 
Therefore x —"a" is equivalent to x = a — h where h > 0 such that h — 0. Similarly x — a* is equivalent to x = a + h where h > 0 such 
that A — 0. Thus, we have the following algorithms for finding left hand and right hand limits of a function at x = a. 


ALGORITHM FOR FINDING LEFT HAND LIMIT (LHL) 


To evaluate LHL of f(x) at x =a, i.e. lim f(x) we proceed as follows : 
(i) Write lim f(x) d 
9 Xa 
(ii) Putx—-a-— hin f(x) and replace x — a^ by h — 0 to obtain um f (a — h). 
(iii) Simplify ae f (a — h) by using the formula for the given function. © 
(iv) The value obtain in step (iii) is the LHL of f(x) at x = a. . 
ALGORITHM FOR FINDING RIGHT HAND LIMIT (RHL) 
To evaluate RHL of f(x) at x =a, i.e. lim. f (x) we proceed as follows : 
(i) Write lim f(x) nd: \ 
=p at 
(ii) Putx=a+h in f(x) and replace x — a * by h — 0 to obtain lim f(at+h) 
(iii) Simplify zm f (a3 4) by using the formula for the given function. 
(iv) The value obtained in step (iii) is the RHL of f(x) at x =a. 


EXISTENCE OF LIMIT (i.e. LIMIT FROM BOTH SIDES) OF A FUNCTION AT A POINT 


The limit of a function at some point exists only when its left-hand limit & right hand limit at that point exist and are equal. If the 
limit of a function exists then limit of the function is equal to the left/right hand limit. Thus lim f (x) exists and equal if 
x 
lim f(x) lim f(x)=1 ° 
xa x—a* 
where / is called the limit of the function. 


THE ALGEBRA OF LIMITS 


O Tim (fg) (x)= lim /G) * lim g(x) Gi) lim (f) .g (x)= lim. f(x). lim g (x) 
lim f(x) dibus 
(iii) lim LO) = 7240 É— provided that lim g(x) #0 (iv) lim kf(x)=k. li ; 
xa g(x) lim g(x)’ beo had rod (x), where k is a constant 
(v) lim [f(x)+k] = lim f(x) * k, where k is a constant (vi) lim |/(x) | *| lim f(x)| 


lim g(x) 
(vil) lim (7x8 - (lim fq) 
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SOME STANDARD LIMITS 
n - n l 

; lim = na™ ii) lim sinx=0 
(1) xa X-@a (11) x30 
a .. lim Sinx lim X _ 
(iii) lim cos x = 1 (iv) 0 — 390 Ting | 
(v) lim cosx=lim ) =] (vi) lim tanx=0 

x0 x30 \cosx x0 








x 
(vii) lim tanx = lim =| 
x0 x0 tan x 





The word ‘continuous’ means without any break or gap. If the graph of a function has no break, hole, gap or jump, then the function 
is said to be continuous. A function which is not continuous is called a discontinuous function. 





The graph is continuous for all values of x. The graph is continuous for all values of x except x = 0. 





The graph is discontinuous for all values of x less then -5 and greater than 5. 
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The graph is continuous for all values of x aS, 5) At x = —5, the graph is continuous from right only. 


At x — 5, the graph is continuous from left only. 






i 


Cn ee ee eee 
~j peececcecee 





e 
nN ———"" 





The graph is continuous for all values of x € (—5, 7) 


At x — —5, the graph is continuous from right only. 

At x — 7, the graph is continuous from left only. 

At x — 2 and 5, the graph is discontinuous from both left and right side. 
The graph is discontinuous for all values of x less than —5 or greater than 7. 


(i) If a graph is continuous from both sides at any point, then it is simply said that the graph is continuous at that point. 
; (ii) If a graph is discontinuous from both sides at any point, it is simply said that the graph is discontinuous at that point. 
(iii) If a function is not continuous at a point, then it is said that the graph is discontinuous at that point. 


TO CHECK THE CONTINUITY OF A FUNCTION AT A POINT THEORETICALLY 


To check the continuity of a function theoretically at a point, we find its limit and value of the function at that point. If these two 
exist and are equal, then function is continuous at that point. 


In other words, if f (x) be a real function and ‘a’ be in the domain of f (x) such that lim J (x) and f (a) both exist and are sapii i.e. 
lim m f (x)= f(a) then f(x) is continuous at x = a. 


The. function f (x) is said to be continuous at x =a from left if lim S (x)= f(a) 


The function f(x) is said to be continuous at x= a from right, if lim f(x) = f(a) 
TO CHECK THE CONTINUITY OF A FUNCTION IN AN INTERVAL THEORETICALLY 
(a) A function f (x) is said to be continuous in the interval (a, b), if f (x) is continuous at each and every point (a, b). 
(b) A function f(x) is said to be continuous in a closed interval [a, 5], if 
(i) f(x) is continuous in the open interval (a, b) 


(ii) f(x) is continuous at (x = a) from right side means lim. f(x) and f(a) both exist and are equal i.e. lim f(x) = f(a) 
x—a* memo 


(iii) f(x) is continuous at (x = b) from left side means Hn f (x) and f (b) both exist and are equal i.e. lim f(x) = f(b). 
oe xb” 
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EXAMINING THE CONTINUITY OF A FUNCTION IN A GIVEN DOMAIN THEORETICALLY 
Working Rule : 


(i) First of all, find the doubtful points of the given function in the given domain where the function may or may not be continu- 
ous. 


(ii) x-a will be a doubtful point for continuity of a function f (x) if at least two of the following are different. 
(a) Value of f(x) at x= a i.e., f(a) 
(b) Value of f (x), when x < a but very close to a. 
(c) Value of f(x), when x > a but very close to a. 

(iii) Examine the continuity of f(x) at all doutful points 


(iv) Iff (x) is continuous at all doutful points, then it is continuous in its domain. 


SOME KNOWN EVERYWHERE CONTINUOUS FUNCTIONS 
(i) Constant Function : /(x) =k, where k is a constant. 
(ii) Identity Function: /(x) =x. 


(iii) Polynomial Function : A function of the form f(x) = ag + a,x + a,x? A cae + a,x"; where dp, 4), Q5, ......-. , a, are real 
numbers. 


(iv) sin x and cos x functions : f (x) = sinx and g (x) = cosx 


BASIC RESULTS ON CONTINUOUS FUNCTIONS 


If fand g are two continuous functions in an interval D, then 
(a) f+ gis continuous on D 

(b) f- g is continuous on D 

(c) f.g is continuous on D 


(d) afis continuous on D, where a is a real number. 
(e) Pi continuous on D —{x : g (x) = 0} 


(f) | yi continuous on D — (x : f(x) = 0) 


' The product of one continuous and one discontinuous function may or may not be continuous. 
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MISCELLANEOUS 


Find the value of lim ——— —— xs 


x25 x-5 


SOLUTION : TOP. ae. ed Vx-4 i ic lt4x-4 . — l-x44 — us Meee. 


= lim 
x5 x-5 x35 x-5 1«4x-4 -4 x 95S(x- (x-5)(14+-Vx—4) 4) gh I pee C 4) 


NEN, CNN 


- lin 4) dede 4) 2 
Find the value of the followings : 








2 
i lim ii lim(x^ —9 lim ————— 
0 m E 5 (ii) we. ) (iii) un E E 
SOLUTION : 
. 2 
ai Pm +D qup 2. 
(i) lim = 23 = L--— 


r93x7-4  lim(x-4) (3-4 5 
x3 


V3 
(ii) lim(x? -9)7 =( tim(x? -9) =(-3)!5 =- 
x x1 





Gi) im AS = im GOED. tim = 
x34 x? -2x —8 . x94 (x * 2(x—4) x34 x * 2 


4-4 4 
- um eem i I - 3 [limit of polynomial functions] 
x4 


2 z - 
x^-3x4«2 . (x-2)(x-1) 2-1 1 

N im = = lim ——— = — =- 
iii Am xax-6 cA2(x-2)(x43) 243 5 


! CE -1 
Example iei : Evaluate - lim —— O'—— 
x0 


200 NIexx? -1 eas ae -1 Vi¢x+x? +1 +1 li l+x+x7-1 , x(14 x) 
SOLUTION : lim ——————— = = lim -= s lim —— 
x30 x x90 iex x +1 *7 (Vite? +1) 9 x(viexta? +1) 


l+x 


l 
= in => 
x91. xex?41 2 
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LIMITS AND CONTINUITY IER ii 
5/3 _ 5/3 
Evaluate: tim CHP 7 (0*2, 
xa x-a 
3 5/3 5/3 5/3 
; (x*2y? - (a2) | (x*2y? - (a2) 
OLUTION : lim SALT s li 
: ore x-a xoa  (x*2)-(a*2) 
5/3 ín 
= lim „where x + 22 y, a + 2 = b. and when x — a, y — ab 
yb yr 
ELLE 5 (a4 2? 
3. 3 ;3 
1- cos2 
Evaluate : lim M 
x0 x 
. l-eos2x  . 2sin? x 
SOLUTION ; lim P ume TN anis acl 
x0 x x0 x 





- 2 lim EED 221i 5RX jim = 201) <2 
x0 x x x30 X x30 x 


. tanx-sinx 
Example 7 : Evaluate: lim — — 


x0 sin x 





sinx . 
; —sinx à 
. tanx-sinx ; . sinx(l-cosx 
SOLUTION : lim ———, —- = lim 593X— —— -= lim PRU c2) 
x30 sin" x x30 sin x x0 cosxsin” x 
; l- cosx ] l- cosx 
= lim ———— = lim 


x0cosxsin? x  x-0cosx(l— cos? x) 


1 - cos x l 


= lim ———————————— = lim ——————— 
x 0cosx(l+cosx)(l—cosx) x—0cosx(l- cos x) 


l 
2 


2 
< 
Example 8 : Determine the value of the the constant & so that function f (x) = n d a sis continuous. 
, Hx» 


SOLUTION : When x € 2, we have 


f (x) = ke , which being a polynomial function is continuous at each x < 2. 
-When x > 2, we have 


f (x) = 3, which being a constant function is continuous at each x > 2. 


So, consider the point x = 2. 


We have, 


LHL at (x=2)= lim f(x) = lim kx? =4k, [ f(x) = ke forx «2 
x32 x2 


RHL at (x = 2) = lim f(x)» lim 323 
x2* x22 
and, f (2) = k(2)* = 4k 


[ f()73forx»2] 


As f (x) is continuous in its domain. Therefore, it is also continuous at x = 2. Consequently, 


lim f(x)2 f(2)2 lim f(x) = 4k=3 > k= 3/4 
x27 x2* 
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MEE ie 
Examine whether the fucntion f given by f (x) =x? is continuous at x = 0 
SOLUTION ; The function is defined at the given point x = 0 and its value is 0, 


Clearly lim f(x) = lim x* 20) =0 
x0 x0 
Thus lim f(x) =0= f(0) 
X 


Hence, f is continuous at x = 0. 


J E 
n AR Show that the function fgiven by f(x) = P T x we is not continuous at x = 0, 
à x=0 
SOLUTION : The function is defined at x = 0 and its value at x = 0 is 1. When x # 0, the function Sœ)" x 3, 


Hence, lim f(x) = lim (x? +3) 20 43-3 
x0 x0 
Since the limit of fat x = 0 does not coincide with f (0), the function is not continuous at x = 0. 


ASH EMI Check the points where the constant function f (x) =k is continuous. 


SOLUTION : The function is defined at all real numbers and by definition, its value at any real number equals k. Let c be any real 
number. Then s s 


lim f(x) = lim k =k 
xc xc ett. 


Since f(c) = k = uaa f(x) for any real number c, the function fis continuous at every real number. 
x 


AIME Prove that the identity function on real numbers given by f (x) = x is continous at every real number. 


SOLUTION : The function is clearly defined at every point and f (c) = c for every real number c. 


Also lim f(x)- lim x -c 
xc P ss 


Thus, lim f(x) 2 c-f(c) 
xc 


Hence, the identity function is continuous at every real number. 


rer eee Show that every polynomial function is continuous. 


SOLUTION : Let a polynomial function be p (x) = ag + a, x + ... + a, x" for some natural number n, a,, # 0 and a;€ R. Clearly this 
function is defined for every real number. For a fixed real number c, we have 


im p(x) = p(c) 


By definiton, p is continuous at c. Since c is any real number, p is continuous at every real number and hence p is a continuous 


function. 2 
x'-1 
a — on — T 
BEBE Let / be the function defined by f(x) - 1 x? -2| x -1|-1 
Check which of the following options is correct 1/2, xnl 


(a) The function is continuous for all values of x 
(b) The function is continuous only for x> 1 


(c) The function is continuous at x= 1 


(d) The function is not continuous at x = 1 
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LIMITS AND CONTINUITY —— 





es ^t SITE iss. i [347] 

x^ x4] 2 «] 

SOLUTION : (d) For x«l, f(x) s ———— -= - lim f(x) 2—-— 
j 2 = 

x°4+2x-3 x*3 x 4: 2 

£^] xl 2 
Forx^ LJ() —— eR lim f(x) 2—- o 
x —-2x«41 x-l xr 0 


"* The function is not continuous atx=1. ` 


Jax*b, ifx»1 


eee mee If the function f (x) given by f (x) = ll, ifx-1 


Sax-2b, ifx«l1 
is continuous at x = 1, find the values of a and b. 


SOLUTION : We have, 


(LHLatx-1)- lim f(x) 


x1 
= lim (5ax - 2b) = 5a - 2b 
x3] 
(RHL atx=1)= lim- f(x) = lim (3ax-- b) 23a-- b and, f(1)^ 11. 
x-1* x-9* 
| Since f (x) is continuous at x = 1. 


os. lim fe lim, f(x)= fA 
| ox 


\ xl 


‘=> Sa-2b=3a+b=11 = S5a—2b=11 and3a+b=11 => a=3andb=2 


x-4 








, x#4 
ZTE CEN If a function fis defined as f (x)= 1 x —4 x 
| 0, x=4 
Show that fis everywhere continuous except at x = 4. 
Ix-4| 
= YEA 
SOLUTION : We have, f(x) - 4 x-4 
0 ; X24 
9) =}; x<4 
x-4 chill à 
x—4 m Esas a-Si, XX 
$ Ja) core mp mes | k M» x24 
, 0 ; x24 


When x < 4, we have f (x) =—1, which, being a constant function, is continuous at each point x < 4. 
Also, when x > 4, we have f (X) = 1, which being a constant function, is continuous at each point x > 4. 
Let us consider the point x = 4. 


We have, 


lim f(x)- lim-1-2-1; 
x4 x4 


lim f(x)= lim1=1, 
x4* x4 
and, f (4) =0 

f (x) is not continuous at x = 4. 


Hence, f (x) is everywhere continuous, except at x = 4. 
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p li sin3x , ) 
CN i ci arco OF SENSERI Loh ose 3E ie eer pn UE UH (C) Value of las " (r = 
————————————————À 
DIRECTIONS: Complete the following statements with an . sin?3x 
appropriate word / term to be filled in the blank space(s). Po USE m x? » e s 
—————————— €. x . 
l. Limit of difference of two functions is of the x)? -27 
limits of the functions. (E) Value of lim —————- is (t) 3 
x39 x-9 
2. lim f v). 
xa g(x) 


n n 
m» a. dee 
3. For any positive integer n, lim on 
xa X-a 














4. is sin 4x 


l - - DIRECTIONS: Give answer in 2-3 sentences. 
x0 sin 2x 





1. Evaluate the following limits : 
S.  Iffand g are two continuous functions on their domain D, 








5 ( x ) 
. o (x40Dy'- ; - 
then f+ g is on D. (i) lim ci lie (i) lim ie 
x30 x x33] 2x? —5x-3 
: TO hee ee aee RE 
ku» o ute / J2als Ge OR cee E. dus j . MES 
LO M " aso deci Cd eed Te it a. RAS m: 2 
(iii) lim + 





DIRECTIONS: Read the following statements and write your 
answer as true or false. 











2 If lim X = 80 and n e N, then find n 

1. Every constant function is not continuous at all points. 
2.  Theidentity function is continuous at all points. , Bins 
3. Every polynomial function is continuous at all points. 3. Evaluate im m 
4. ff (x) = sinx and f (x) = cosx are not continuous at all i 

points. 4. Evaluate: lim ——°°S2* 
5. Limit of sum of two functions is sum of the limits of the — 2 

functions. 


5. Discuss the continuity of the function J (x) given by 


2-x, «2 
fol y atx=2, 
| 2+x, x22 





e—a 
' , DIRECTIONS: Each question contains statements given in two 
columns which have to be matched. Statements (A, B, C, D,E) 
in C. olumn Ihe a Be miatehed um scies» (4 g, r. 5,0 in 6. Determine the value of k for which the following function 





column Il. is continuous at x = 3. 
Column I Column II x-9 
i . (I-x)'-1, ——, x#3 
(A) Value of lim ———— is (p) 9 SQ) =} x-3 
x0 x 


9 k , x=3 
=9 then (q) 9/2 i 





2 xa 
(B) If lim 


x-a X+a 
the value of ‘a’ is 
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LIMITS AND CONTINUITY 





Won tomm mmt PS et reer en en otter tmt 
"4 71 Ip Kies c 4 
- s . d 
; y 
, , Questions 
b- s Ne 29 v do St As a a ec ^ " <Ja "d T. 


DIRECTIONS: This section contains multiple choice questions. 


Each questions has 4 choices (a), (b), (c) and (d) out of which 
ONLY ONE is correct. 





1. Leta function f “RR satisfy the equation 
Jf (x + y) =f (x) * f (y) for all x, y. If the function f(x) is 
continuous at x = 0, then 
(a) f(x) 7» 0 for all x. 
(b) f(x) is continuous for all positive real x. 
(c) f(x) is continuous for all x. 


(d) None of these. 


sin3x 


, xw 0 
2. The function f (x) = 4 
k , xz0 
2 
is continuous at x = 0, then k = 
(a) 3 (b) 6 
(c) 9 (d) 12 


3. |ff()*4 4 , x-1 
x*3, 1«xs2 


then the value of (a, b) for which f(x) cannot be continuous 


atx = ],is 
(a) (2,2) (b) (3, 1) 
(c) (4,0) (d) (5, 2) 


4. The value of a for which the function 


S (x)= nae Q OES is continuous at every 
4x? +3ax , ifl<x<2 


point of its domain, is 
13 
(a) i (b) | 


(c) 0 (d) -I 





í 349| 
k L] 
MANI DIUI AES CR aur i 


yore * ramo ROR cocco f var t nc mic 
i W Y ^ 3 IU NW CN Wek ut pee 
D ^ e j 
[n 


"a 
9» à 
ae eui io oL) a 55 LUCI pal Ari, LT ini ret PL) Lap DUI | 





DIRECTIONS: This section contains multiple choice questions. 


Each question has 4 choices (a), (b), (c) and (d) out of which ONE 
OR MORE may be correct. 





i 
1. Which of the following is incorrect ? \ 


(i) Iffand g are continuous then f+ g is not continuous. 


(ii) If fand g are continuous then f— g is not continuous. 
(iii) Iff and g are continuous then £ is not continuous. 


i ; ; l5 
(iv) If fis continuous then — is also continuous provided 


f*0 


2. Which of the following is incorrect ? 


(i lim(f+g)(x)# lim f(x) + lim g(x). 
(ii) lim f(x).g(x) # lim f(x). lim g(x) 
x—a xd xa 
(ili) lim k.f(x)=k. lim f(x), where k is a constant 


(iv) lim |fGo)|» 





lim f(x) 
xa 





3. Which of the following is correct ? 


sin x 











(a) lim——=1 US Jie] 
x20 x x0 tan x 

() lim—— 21 fay mem 
x0 Sin X x»»0 x 


4. Which of the following function is/are continuous 


everywhere ? 

(a) f(x) " sinx- cos x 

(b) f(x)» sin x cos x 

(c) f(x) =c, where c is a constant 


(d) None ofthe above 
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Uu» Passage | 


Xa XL Fant leg Ba 





Maece ty ms 
OV CRT Py RIS S 
DHA NI Ph 
^ D LI D] 
ased Qu e: ans 
Ne CRIS ay" w 


SERRE cci are riumdipimieosi a ARR 
DIRECTIONS: Study the given paragraph(s) and answer.the 











following questions. á 
— x) 20 / 
If lim /( attains — form, then x — a must.be a factor of 
xa g(x) 0 y. 


numerator and denominator which can be cancelled out. 


For example. 
la x? 4 3x -10 - 0 : i 
x32 x? — 5x46 ` tis 4 form, hence (x - 2) must be a 


factor of numerator as well as denominator 


(x-2)945) , x45 








= = 2-7 
x32 (x-2)(x-3) x22 x-3 
"a 2 
= - 6. 
1. Value of fig 
x72  x*—4 
«il l 
(a) a (b 7% 
(c) 4 (d) -4 
3 
AN ALS 
2 Value of lim m7 is 
(a) -3 (b) 3 
(c) 6 (d) -6 
M 
3. Value of lim & l 
x x*-1 s 
E. 
4 l 
-4 3 
(c) > (d | 


Mathematics 


h f li "au + , ht ^r , Y $t Hl. 3 ' 
ms -t . py m e vul 
ts (Assertion & Reasow 

Vrai A. AE eased S nm toe ka IPS NEP aoe H2 





DIRECTIONS: Each of these questions contains an Assertion 


followed by reason. Read them carefully and answer the question 


on the basis of following options. You have to select the one that 
best describes the two statements. 





(a) If both Assertion and Reason are correct and Reason is. 
the correct explanation of Assertion. 


(b) If both Assertion and Reason are correct, but Reason is 
not the correct explanation of Assertion. 


(c) If Assertion is correct but Reason is incorrect. 


(d) If Assertion is incorrect but Reason is correct. 


l. Assertion : f(x) ^ sin x + cos x is continuous 
everywhere. 


Reason : If f(x) and g (x)are two everywhere continuous 
then f(x) + g (x) is also continuous everywhere. 











à " i ] L-k 
2. Assertion: If lim = lim — NL; then the value of 
g " x31 x-1 xk x? — k? k Se. 
kis =. , 
3 i 
x" ag 
. Reason: For any positive integer n, lim = _=p,q"! 
xa X-a 
[n can be any rational number also] 
] .. sin2x+sin3x 
3. Assertion: Value of jim S22x-esin dx i 
B x30 2x+sin3x 
. sin 
Reason : iif d nd lim =] 
x90 X +0 sin X 
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EXERCISE - I 


FILL IN THE BLANKS 


lim f(x) 
1. difference 2. X9 — 3. nat! 
lim g(x) 
xa 
4. 2 5. Continuous 
TRUE/FALSE 
l. False 2. True 3. True 
4. False 5. True 


MATCH THE COLUMNS 


Sol. (A) r; (B) > s; (C) —t; (D) p; (E) —q 


n n 
i" = — x)” -] 
li (1-x) -1 li (1— x) 


(^) x0 x x30 x-l-1 
Ld d- -l Tar E 
=i a 9 " 

x? —(-a) 
(B) lim =9=9.(-a)?"'!=9 


(C) 








=3. li =3.1=3 
im 3 


(D) jj sin? 3x - i 9sin? 3x 


(E) 








x227 . x1-92 
= um 
x9 x-9 x39 x-9 , 











SHORT ANSWER QUESTIONS 
1. 
[rese e ees x5) 
: +1 l ; 
(i) lim ore lim 
x0 x x0 x 
E 5x & 10x? 4... x 
— a0 x 


(ii) lim 2x? -5x—-3 x3 (x-3)(2x +1) 


x3 


x* -81 J- im E+ IX? +9) 


dix (x-3)x'«9) 6x18 108 
x39 2x4] 7 7 


l1 1 

- 5 2+x 
dim -X—2- lim 5—-4(x«2 
(ii) x-2 X+2  x2-2 2x ) 





. 2+x l 
= lim x 
x2-2 2x (x+2) 


im (>) =- 
= lim | —] =-->- 
3--2V 2X 4 











=> n.2"-!-802n.2"-2160.25.5 > n=5. 











lim SOSY = tim E E ER 
* x92\5 2x 2x30 5x 


5 5 
=—(l)= = 
x32 2x 2 2 

|: lim SP 5x 7 | 
v0 Sx 








. l-cos2x à 2sin?x 
4. lim ———— = lim ——— 
x0 x x0 X 
=2 lim (Etsin x) = ( lim ed “| lim sin x) 
x0 X x0 X x0 
=2(1)(0)=0 


5. Wehave, 
(LHL at x = 2) 
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= lim f(x)» lim 2-x [ f(x) *2-x forx « 2] 
X27 x2 
= 2-2=0 


and (RHL at x = 2) 


= lim f(x)2 lim 2+x [+ f(x) *2*xforx22] 
v- 2! x32* 7 
- 2 | 2:4 


a't him f(x)* lim fy) 
52^ 5-52" 


- 


‘Hence, f(x) is not continuous at v =: 2. . 
6. Since /(\) is continuous at x = 3. Therefore. 


lim jc /'G) E 


=> att Mayek [ (3) =k] 


lim oS k 
— 
(o! x-3 


- lim ( (3) 226-2K 


Thus. ^ t) is continuous at x = 3, if 2 6 


' EXERCISE - 2 


MULTIPLE CHOICE QUESTIONS 


l. (€) Since/(QO is continuous at x = 0 
lim /(v) 2 /(0) 
(ot 
lake any point do, then atv a c 
lim f(x) - lim /(a- h) 
Yd h 0 
= lim) S) Ce fOr bY) 7/0) +0) 
!- 
= f(a)* lim f(h) - flant f(0) = f(a + 0) = f(a) 
h-0 " 
f (x) is continuous at x = u. Since x = a is any arbitrary 
point, therefore / (x) is continuous for all x. 
2. (b) 3. (d) 4, (d) 
MORE THAN ONE CORRECT 
1. (a,b,c) 4, (8,b,d) 3. (a,b,d) 


4. = (a,b,c) 


Met en 





Mathematics 


Moe. * 


PASSAGE BASED QUESTIONS 








lim x!-5x46 i (x-2Yx-3) 
l. @ 5S AA x22(x*2)x-2) 
MI us ooa m 
"irta 242 4 
lim P l tim I te) 
ee Sa eter 
A (b) on a 7M (x-1) 


= lim(x^ +.x+1) affss]a) 


xl 
., =] axy -P 
3. (d) lim —— op cut Ban ain 177 —8 
i l6x" -1 > (4x7) -1 


00 x-4? +2x+1) 
lim —-—-—— —————— 
ms (Ax* -1Y2x - 1(2x 4l) 


4x^ -2x4l 3 

=; lim a. ir 

vol (4x° +1)(2x+1) 4 
2 


ASSERTION AND REASON 


|. (a) sinxandcosx are continuous everywhere. 


^. Sin x + cos x also continuous everywhere. 
E 
2. (a) LHS= lim == - 4(1? =4 
x1 x-1 


J 
RHS = im (x-5 _ 3k? 34 


rok (x-k) (242) 2k 2 


4= 3k 254 s 
2 3 
2xsin2x 3xsin3x ^ 
"dba 4- — — Á— 
dá lim 2x 3x 
x-—( 


LHS = RHS 


sin 2x +sin3x 
——————— 


x0 2x-sin3x 


; . sin2v . 
N lim 2x. lim ——— + lim 3x. lim ——— 
qm (o0 2x x0 /—— x0 33 


. Sina 
e lim | 


t») * wA 4 


Iun Dut pun 3a 
+ off 


lim(t2v (3) . lim Sy. 
r-of) roll 
i ,o sindy 
py -= lim 24. lim 3x, lim SAN 
t—() a=) ©o0 JA 


= lim(2x+3x)= lim 5x 
x-0 xU 


N” $x 
Now, — = lim == lim 1-1 
r05x vl 
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Matrix m x n 


where m is the number of rows, and n is the number of 
columns. 


COLUMNS 





A = [aj] nxn Where i represents the row position and 
j represents the column position. 


E PE melo" Ulp imeem cap ce TTL 9 H A F jJ: E R 








INTRODUCTION — 


Matrix i is a powerful tool of modern mathematics This mathematical tool Vinplifies our work to a great 


extent when compared with other straight forward methods..The evaluation of concept of matrices is the 
result of an attempt to obtain compact and simple methods of solving system of linear equations. Study 
of matrices is becoming important day by day due to its wide applications not only in mathematics, 
but also in physical science, engineering, genetics, economics, industrial management, sociologi and 


. modern psychology. .. 
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MATRICES 


Suppose your school organizes an Interschool debate competition, where any participant can speak in either of the six languages 
Hindi, English, Malayalam, Telugu, Tamil or Marathi, Various schools send the list of their students who wish to participate in the 
debate competition. Out of all the entries received, let us consider the list of participants received from three schools A, B and C. 
The list received from the school A consists of 2 participants in English, 4 in Hindi, | in Malayalam and | in Telugu. In the list of 
school B, 5 participants are in English, 3 are in Hindi, 1 in Malayalam, 2 in Telugu and | in Marathi, As per the list received from 
the school C, 6 participants are in English, 1 in Hindi, 2 each in Malayalam and Telugu, 3 in Tamil and 4 in Marathi. 


The information given in the above example, can be put in a compact way in a tabular form as follows: 









Name of the School 





Number of speakers (language wise) 


Malayalam | Telugu |` Tami | Marathi d 
E S E NAME vr NIE E RN 
NA PT REN 





The above arranged form of numbers is known as rectangular array, In the array, the lines from top to bottom are called columns whereas 
the lines from left to right are called rows. 1f we consider the numbers only, then 2, 4, 1, 1, 0 and 0 constitute the first row (i.c. the top row); 
5,3, 1, 2, 0 and 1 constitute the second row and so on; whereas 2, 5 and 6 are elements of the first column (i.c. extreme left column); 4, 3 and | 
are in second column and so on, Thus in the above arrangement there are 3 rows and 6 columns and therefore, total number of elements is 
3x6= 18. 


Now we write the data given in the above atrangement in a capital or small bracket without any top or left heading as shown 
below: 


24 1.1.0 
43:11:98 P| €x. 
éii- 4 


The above arrangement in a capital bracket is an example of a matrix. 


DEFINITION OF A MATRIX 


A system of any mn numbers symboles or expressions arranged in a capital or small bracket in a rectangular array of m rows and n 
columns is called a matrix of order m x n or simply an m x n matrix. Note that m x n is read as *m by n’. The matrix is often denoted 


by capital letter English alphabets, like A, B, C, ....... .X, Y, Z etc. The entries are enclosed within square brackets or small brackets. 
For example the matrix shown above can be written as 
2 41 1 09 241100 


A=|5 3 1 20 lloras A=|5 3 1 2 0 | 


D 1 Z2 23 4 612 73 4 


In this book, we shall prefer the first notation and represent the matrices in the square brackets. The students may observe that in 
the matrix A as written above, there are 3 rows and 6 columns. Therefore, A is 3 x 6 matrix or in other words say that the order of 
the matrix A is 3 x 6, 


Each number or entry in the matrix is called an element of the matrix, An element of a matrix is generally denoted by a;,, where the 
first subscript i of ay denotes the row number and the second subscript i of a; denotes the column number. For example, a, denote 


the element of 1*' row and 3" column. Similarly, azz denotes the element of 3™ row and 2™ column. Thus in a 3 x 3 matrix, the 
elements can be symbolically written as under : 


4, 02 3 
42, 422 423 


ay, 032. 033 
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Similarly, in case of m x n matrix, the elements can be symbolically written as : 


ayy i» aia TT Gu 
d5| 22 51 TET (5, 
Am 4m2 Cy e Amn 


In this matrix, there are m rows and » columns. 


. * \ LJ . 1 
After having the above idea, you can also represent a matrix by using the symbols [a;] or (a;;). Generally, we use the notation [a;] 
to denote a matrix. However, this notation is incomplete unless we talk about the number of rows and columns of the matrix. 
Therefore, to have a clear cut idea of a matrix, we write [a Where m x n is the order of the matrix which mean, there are 


m rows and n columns in the matrix. 


EQUALITY OF TWO MATRICES 


Two matrices are said to be equal if they are of same order and vach element of one matrix is equal to the corresponding element 
of other matrix. 


ibm 


Let us consider the two matrices let 


| 4 3 
A= and B=|4 0 
-| 0 7 
3 1 


In the matrix A there are 2 rows and 3 columns, whereas in B there are 3 rows and 2 columns. Observe that the entries of Ist and 
2nd rows of the matrix A are same as the entries in the Ist and 2nd column of matrix B respectively. But these two matrices A 
and B are not equal because their orders 2 x 3 and 3 x 2 are not equal. Let us find out the values of a, b, c, d and k. If the following 


matrices X and Y are equal. 
1 7 a wt € 13 


X2|-4 3 0| Y=|-4 k O 
b -2 5 Ea gn S 


Note that both of the matrices Y and Y are of the same order 3 x 3. So, two matrices X and Y will be equal only if their corresponding 
entries ( or elements ) will be equal. Hence the two matrices X and Y to be equal, a = 13,6 212, 0-7, d  -2and k 7 3. 


TYPES OF MATRICES 
ROW MATRIX 
A matrix, in which there is only one row, is called a row matrix. For example, [3 6 2] is a row matrix. 
COLUMN MATRIX 3 " 
A matrix, in which there is only one column, is called a column matrix. For example, H is a colurhn matrix. ` 
. . ? N 
RECTANGULAR MATRIX bak us 
A matrix, in which unequal number of rows and columns is called a rectangular matrix. For som] ; à ; is a rectangular 
| , 
matrix because the number of rows is 2, which is not equal to the number of columns, i.e, 3. vd 6 
SQUARE MATRIX ~ 
E \ . ' 
A matrix in which the number of rows equal to the number of columns is called a square matris, Vor example, 
| 
10-3]|1 2 100 | | e " 
| T $ - | ` ^N 
6 I Y] ..[and|O 1 O fall are square matrices, 
à 5 1 i 
à | UP x 0.0 ! 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 





. ' m SET ette Rete A Eee be I : on 
DIAGONAL MATRIX 


The elements a; of any square matrix [a;;] are called diagonal elements if i =j. The line along which the elements aj, (where / = /) 


lie is called the Principal diagonal or simply diagonal of the matrix. 


A square matrix in which all elements except the principle diagonal elements are zero is known as diagonal matrix. For example, 


2 0 0 


X=|0 5 0 [isa diagonal matrix. 
0 0 ll 


UNIT OR IDENTITY MATRIX (I) 


A square matrix, in which all the elements in the principal diagonal are unity and all other elements are zero, is called a unit matrix. 


100 


For example, E=|0 1 O [isa unit matrix of order 3 x 3 or simply say 3. 


0 0 1 


' 
' aos " i " iia 
+ ALGE If number of rows and columns of a matrix are equal, then we inspite of writing both number of rows and columns to | 


' . : . 
' write the order of the matrix as m x m we write only m. 


In other words, we can say that any square matrix [a;;] is called a unit matrix, fif 


1, whenever i = j 
0, whenever i + j 


Unit matrix is also called identity matrix. Identity matrix is represented by the English capital letter *7 ". 


UPPER TRIANGULAR MATRIX X i 3p 
A square matrix A, whose elements aj, 7 0 for i? is called an upper triangular matrix. For example, A=|0 -8 5 |isan upper 
triangular matrix- 
0 0 6 
LOWER TRIANGULAR MATRIX 8070 


A square matrix A, whcse elements dy = 0 for i € j is called a lower triangular matrix. For example, 4-|7 4 = Olis a lower 


triangular matrix. 4 =] § 


SYMMETRIC MATRIX 


A square matrix A = [a;;] is called symmetric if aj = dj, for all values of / and j. 
In other words, we can say that a square matrix A is symmetric matrix if A’ = A 
14 0 


For example, A=|4 2 S|isasymmetric matrix 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


[57] 





SKEW-SYMMETRIC MATRIX 


A square matrix A = [aj] is called skew-symmetric matrix if aj = aj, for all values of į and j. 
In other words, we can say that a square matrix A is skew-symmetric if A’ = -A 
0-23] 


A 


For example, A=| 2 0 -5| isa skew-symmetric matrix. 


(i) IfA is a skew-symmetric matrix, then kA is also skew-symmetric, where & is a scalar. 
(ii) Each diagonal element of a skew-symmetric matrix is 0. 


ALGEBRA OF MATRICES 
ADDITION OF MATRICES | oe 


Addition of two matrices is defined only when their ordered are same. 


If A and B are two matrices of order m x n, then the matrix A + B is defined as the matrix, each element of which is the sum of the 
corresponding elements of A and B. Thus if 


01!7''-2 Eme 2 
« A-|-4 5 9jandB-|-4 3 6|,then 
6 08 5 -2 ] 
141 744 242 2 1 4&4] 


A+B=| (-4)+(-4) 5+3 9+6)=|-8 8 15 
6+5 0+(-2) 8+1 l1 -2 9 


From this example, it is clear that the matrix obtained after addition will be of the same order as that of the matrices which are 
added. 


SUBTRACTION OF MATRICES 
Subtraction of two matrices is defined only when their ordered are same. 


If A and B are two matrices of order m x n, then the matrix A — B is defined as the matrix, each element of which is obtained by 
subtracting the element of B from the corresponding element of A. Thus if 


l 7 2 l 4 2 
=|-4 5 9| andB=|-4 3 6\|,then 
6 0 8 3.4 —4..; \ 


I-t q 2-2] [03 0 
A-Bs|(-4j-(-4) 5-3 9-6|«|0 2 3 
6-5 v-t Sl 11 2 7 


From this example, it is clear that the matrix obtained after subtraction will be of the same order as that of the matrices which are 
subtracted. 


MULTIPLICATION OF A MATRIX BY A SCALAR 


If X is a matrix and k is a scalar (or say k is any number), then KX is a matrix, each element of which is & times the corresponding 
element of the matrix X. Thus, if 


v 
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| 2 3 
X=|-4 3 6|then 
> 2.1 
kK 2k Sk 
kX =| -4k 3k 6k 
Sk -2k k 
Note that the matrix KX is of the same order as that of the matrix X. 


MULTIPLICATION OF TWO MATRICES 


Before learning the procedure of multiplication of two matrices, the readers must aware of the fact that any two matrices can not be 
multiplied. If 4 and B are two matrices, then the multiplication of two matrices A and B (i.e. product AB) is possible (or defined) 
only when number of columns in the first matrix A is equal to the number of rows in the second matrix B. 


If A is a matrix of order / x m and B is a matrix of order m x n then A.B is also a matrix of order / x m [i.e. (number of rows of first 
matrix) x (number of columns of second matrix)] 


For example, if A is a 2 x 2 matrix and B isa 2 x 3 matrix, then the number of columns 3 of matrix A is equal to the number of rows 
of matrix B and hence 4.8 is defined and it will be of order 2 x 5. But B.A is not possible because the number of columns 5 of matrix 
B is not equal to number of rows of matrix A. 


a = 
Consider two matrices C and D of same order 2 x 2,C = É ; and D -| 6 


matrices are of order 2 x 2. Therefore, the order of X will be 2 x 2. Note that, here it is possible to find the D.C also, the matrix 
X will be of the following type : 
“1 %2 
X= , where 
X31 122 


| Suppose that X = C.D. Here A and B both 


xi, = (row 1 of C) (column | of D) 


x 


First elements of first) ( First element of first S , Second element of first Second element of first Y 
— x : 
row of first matrix of second matrix row of first matrix column of second in 


=1x4+3x7=4+21=25 
X15 = (row 1 of C) (column 2 of D) 


«4 


First elements of first j First element of first column : Second element of first Second element of first 
x 
row of first matrix of second matrix row of first matrix column of second mtd 
=1]x(-2)+3x6=-2+18=16 


= (row 2 of A) (column | of B) 
4 
«e aff 


First elements of first First element of first ---— " | Second element of first Second element of first 
x 
row of first matrix of first matrix row of first matrix | 


X2 


column of second matrix 
=2x4+5x7=8+35=43 
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X5, = (row 2 of C) (column 2 of D) 
“ale 


Us elements of x " di element of first me P p= element of ij Second element of first | 


row of first matrix of first matrix 


row of first matrix column of second matrix 


=2x(-2)+5x6=-4+30=26 


x l X12 25 16 
Hence, X - C.D.- - 
7 X21 X22 43 26 i 


Now find out the product of the matrices C and D in reverse order, i.e., D.C. Suppose we denote it by Y. Use the similar procedure 
as explained above. We get, 


0 2 
Y = D.C. = 
19 51 


Note here that X £ Y, that is, C x D = D x C. 
Hence, we conclude that multiplication of two matrices is, in general, not commutative. 
Hence, even if the product of two matrices C and D exists in both order C.D: and D.C., even then C.D. + D.E. 
Illustration 1: Find the product A.B. of two matrices A and B, where 
1.1 
2 3 
A=|2 3|and B -| | 
1 4 
1 2 
SOLUTION : 
X %2 
If AB- X231 Xn , then 


X31 


xı =[l 1] A edid dide 


X12 z [1 1] . - 7 


2 


mses 3] Hi 2x2+3xl=7 


l 
3 


=2x3+3x4=18 
4 


X2) =[2 3] | 


1 
x31 =[1 2] l- 1x1+2x2=5 


3 


X32 = -[l 2] au Ix3+2x4= 11 


AB=|7 18 
5 1l 
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| T EEE LLL LLIN LEE Ny 
: TRANSPOSE OF A MATRIX 


If the rows and corresponding columns of a matrix A of order m x n are interchanged, we get a new matrix of the order n x m, 
which is called the transpose of the matrix A. The transpose of a matrix A is denoted by 4' or A‘. For example: 


ay eee 





BNET htl oe Mathematics 


If 4-|2 5 -6|, then the transpose of A can be expressed as 


3.4 ] 


| 3 3 


A 
N 
CA 
A 


1 2 


| 3 7 
Similarly, if 42|3 6], then A’= à 
75 2.6 5 i: 


PROPERTIES OF TRANSPOSE OF A MATRIX no... 


We now give some properties of transposed of a matrix. The proof of these properties is beyond of the scope of this book. 
(i) The transpose of the sum of two matrices is the sum of their transpose, i.e., (A+ BY = A' + B’ 

(ii) The transpose of the transpose of a matrix is the matrix itself, i.e., (4')'= A 

(iii) If A is a matrix of any order and & is a scalar, then (kA)' = kA’ ! 

(iv) The transpose of the product of two matrices is the product in reverse order of their transpose, i.e., (4B)' = B'A’ 


It is clear that while forming the transpose of a matrix we simply change the rows to corresponding columns and vice-versa. 
After having the concept of transpose matrix, try to find out the answer of the following question: 


Is it possible that A = A’, that is, is it possible that a matrix equals its transpose? 
Consider the following matrix: 


1 2 3 
Az=|2 5 4|,and find out its transpose matrix. 
3 4 1 
Obviously, the transpose of A can be written as 
i 2 3 
A'=|2 5 4 
3 4 1 


Note that A = A’, We have thus find out a matrix A which equals its transpose. There may be a number of other matrices also 
which satisfy the above property. There is a special category of matrices which satisfy the above property. 





qj 42 43 


Ifa matrix A=| 42} 422 423 |, then determinant of matrix A is written by placing the elements of matrix 4 between to parallel line 
| 


43; 032 33 ‘ 


segments as follows: 
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MATRICES AND Det ERMINANTS (o oe MIAN i a 


aii %2 205 
Determinant of matrix 4 = d3| an 493 
43, 932 933 
Determinant of the matrix A is denoted by |A| 
Ai 42 413 
|4|-|a231 an 45 
3| dy) 433 


The above determinant can be also written as |a;],,.,, where 3 x 3 is the order of the determinant |Al. 


Determinant can be find out only of square matrices. Hence order of determinant is always of the form m * m, where m ts 2 naturel 
number. In this chapter, we will studies only 1 x 1, 2 x 2 and 3 x 3 determinants. 


MINOR OF AN ELEMENT OF A DETERMINANT 


Let ta; | be a determinant of order n. Minor of any element a; of a determinant i : denoted Mj- The minor M; of a5 in the above 
given deiétminant, is the determinant of order (n — 1) obtained by leaving the /' ^ row and j® w n of |4]. 


aji 


\ For example, if is a determinant of order 2, then 








da» 90» 
M, = Minor of a; =| az | 
Mp = Minor of a5 =| azı | 
M3, = Minor of ay, =| a2 | 
M» = Minor of az =| a; | 

Qi A2 i3 
If | u>} «22. 4223 | is a determinant of order 3, then its minors can be determined as follows: 


43, 32 033 








422 023 
My = Minor of i1 
a32 033 
a2) 423 i 
M2 = Minor of aj? = and so on. 
a3) 433 








COFACTOR OF AN ELEMENT OF ‘A DETERMINANT 
Cofactor of an element a;; ij of a determinant is denoted by 4 jj OF Cj; Suppose that la; be a determinant of = m. Then the ootikctor 


Aj of a; in the given determinant is (- 1*7 times the determinant of order (17 —1) obtained by leavi ing i" row and column of 


» J. In other word cofactor A,; of a; is (-1)' '*/ times the minor M;;. 
Thus, Aj; = cofactor ofa; - (- y Mj, where M, is minor of a. 
21 -1 
if |0 1 2 | isadeterminant, then 


$5 4 . . 
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Gi-t 0 aix ijt 
2 4 








. ,|9 
C 2 (07 ats =(-1) | 





Other cofactors can be calculated in similar manner. 
VALUE OF A DETERMINANT 
VALUE OF A DETERMINANT OF ORDER 1 (OR 1 x 1) 


If the order of a determinant is 1, that is it has only one element. In that case, the value of the determinant is equal to the element 
of the matrix. 


For example, | a| =a 


VALUE OF A DETERMINANT OF ORDER 2 (OR 2 x2) 


Value of a determinant of order can be find out as follows: 








qu a» 
= Ay a — 42). d)» 
eu 5 


= product of elements of main diagonal — product of elements of the other diagonal 


3 
For example = 2x4-1x3=8-3=5. 








VALUE OF A DETERMINANT OF ORDER 3 (OR 3 x 3) 

Value of a determinant of order 3 can be find out by expanding it along any one row or column of the determinant as given below: 
a 9 "B5 
45, a» 4d53|-4aj 4*4» Aj2 +2)34);3 (expanding along first row) 


43; 432 2033 


=a,, C1 *! M, + a, 70)? Mp +a (-I)' M5 


= yy Mi-a Matag M3 


a a a a a 
vő 2568 23 *a uibs 
43; 432 




















932 033 03, 
74,(25,.a5,-235.a53) - a45(33, . 933 — 431 . 293) + 24 3(45) - 032- a3, . ay) 


= a11 8229237 411 232 423 — 412 421 933 t 412 431 053 + 443054 435 — 0413 034 Q5 
OR 


“1 O2 3 
d) an 423 |= 4,2 4*4? An +432 A (expanding along second column) 


43; 932 933 


= ay3 (-1)'*? Mj + aj (71? M5, + ay (1) 2M; 


--aj Mj tà; Mn - ay M 
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a, a a, a a, a 
ji odiis 23 dy n “n — n du 
Gy a33 Gy 433 dq») az 











== G24} «434 743 05) + aa) 033 3, > 043) = ty 53 = aa) 013) 
77445454 034 + 445 434 453 + 455 044 d33 — 055 Ay) A) x — 033 044054 + 135 054 043 


In the same way, we can find the value of the determinant by expanding it in any other row or column. 
1 2 -1 
Illustration 2 : Evaluate the value of the determinant given by 3 5 0|. 
1.4.2 s 


SOLUTION : By using the formula described above, we get 
l 2 -l 


3 5 0|=a Ay + a2 4 *a3 45 
14 2 


- (-D"la, Mu * C70 2 a5 Mj; (71) aiz Mi3 


=(-1)"! xlx vi 2x 








2 
.|5 0| ,|3 9 3 5| 
-[4 2| |1 2| |t 4, 


25x2—4x0-2x(3x2-1 x0)-(3x4-1*5) 
=10-12-7=-9. . 








0 3 5 
+6)” en | 
2 l 4 


In the above mentioned method, we find the value of the determinant of order 3 x 3 by expanding the determinant along the first row. 


However, we can find the value of any 3 x 3 determinant by expanding the determinant along any row or column. For example, if 
we expand the above determinant along the first column, we get 


l 2 -l 
Sry 
14 2 


= yy An + 442 A} 2 + 443 4)3 


= aj, C1) *! Mj + C1)? My + ay C1) My 


-ajM, 7 aM; * aMi 











5 0 1? “Vl? -1 

4 2 4 2 5 0 
= (5x2-4x0)-3(2x*2+4*x 1)+(2x0+1* 5) 
=10-24+5=-9. 


The answer is same as above. You can try by expanding the determinants along any other row or column. Every time you will get 
the same result unless the determinant remains unchanged. 
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APPLICATION OF DETERMINANTS 


(ü AREA OF A TRIANGLE 


Using the determinants, we can find out the area of any triangle if co-ordinate of its vertices are known. If the coordinates of 
the vertices of a triangle are QU. Y) Qs, Py) and (Qr, Y), then the area of the triangle having these vertices 


à yul 
l 


€-—|^ Jj l 





N R |] 


IWustration 3 : lf the vertices of a triangle are (1, 2), (3, 4) and (0, 5). Find out the area of the triangle. 
KNOT : 
The area of the triangle having the given vertices 
121 
wily a i 
E 0 3$ I 


= [en € * 213 + ay Cy) 


l 
SnD EDA ta Ms 


4 1 
= : D xix 
- 3S 1 


3 1 
*(-0*2x2x +(-1)' x1x 

















| 


(H) CONDITION OF COLLINEARITY 


If coordinates of three points are known then using the determinant, we can find that the given three points are collinear or 
not. 


Three points (xi, v4), Ep Vy) and (x5, V3) are collinear if 


X ^ 


X3 3 
Illustrotion 4 : Check whether points AQ, 0), B(1, 3) and CY0, 1) are collinear or not. 


i : p deer 


Hence the three given points are not collinear. 
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MISCELLANEOUS 


Solved Examples 
7 0 10 
"P ver-l E - | | 
2 § 0 3 


SOLUTION: Wc have, 


7 0 3 0 
X*tYw- and X - Y = 
2 3 0 3 
7 0| |3 0 
(X+Y)+(X-Y)= + 
"a S 0 3 


7+3 040 
= 2X = 
2+0 S43 


10 0 {flo 0] [5 0 
=> Xs —Xzs- = 
2 8 212 8| {1 4 


7 0 -3 0 
and, won| lu | 
z 3 0 -3 


) i | ; f | 
= 2Y = 2Ys- = 
2 2 2|2 2| |1 1 
) ; f i 
Thus, X = and Y = 
1 4 1 1 


Find a matrix A such that 24 -3B + 5C = 0, where 


- 2 0 2.0 -2 
B = and C = 
3 1 4 ! 7,4 © 


| 








SOLUTION : We have, 


24-3B-5C 20 
= 24-3B-5C 
-2 2 0 20 2 
=$ 2423 -5 
3 1 4 7 | 6 
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<a VA PIE RO TONO OBEDIRE Dei ig Mathematics 
-6 6 0] [-10 0 10 
=> 
-35 -5 -30 
-6-10 640 0-410 
z 
9-35 3-5 12-30 
-16 6 10 
=> 2A= 
-26 -2 -18 
.. 1[216 6 10 
d) A=— 
2|-26 -2 -18 
- 4.9 3 S 
-13 -1 -9 
2 3 
1-2 3 | j 
EE a- y [0 35|-1 2 | Find AB and BA and show that AB + BA. 
-5 


SOLUTION: Here, A is a 2 x 3 matrix and B is a 3 x 2 matrix. So, AB exists and it is of order 2 x 2. 


| 2 3 
1 -2 3 
We have, AB= -] 2 


3 2. -l 
-5 
242412 3-4-15] [16 -16 | 
=> AB= = 
6-2-4 9+4+5 0 18 
Again, B isa 3 x 2 matrix and A is a 2 x 3 matrix. So BA exists and it is or order 3 x 3. 
z 3 
1 -2 3 
Now, BA=|-1 2 
3 2 -l 


249 -44+6 6-37 [11° 2. 3 
=> BA=|-1+6 2+4 -3-2|/=|5 6 -5 

4-15 -8-10 12+5| |-11 -18 17 
Clearly. AB + BA. 


a 0 1 0 | 
EUN. |i | find the values of a for which 4? = p. 


SOLUTION : We have, 
A*=B 
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al4] 040] [1 0 
—— = 

a+l 0+1 3 4 

a2 0] [10 
— = 

a+l 1 5 l 


= a?7=landat+1=5 
=> a=+1anda=4, which is not possible. 
Hence, there is no value of a for which A? = B is true. 


1 0 1 0 
eee If ^-| i mr | then find & so that A? = 84 + KI. 


SOLUTION: We have, 


1 O}; 1° 0 1 0 
A =AA= = 
-1 7]|-1 7| |-8 49 
1 0 1 0 8 0 k 0 8+k 0 
and, 844 kl -8 tk = + = 
-l 7 0 1 -8 56 0 k -8 S6+k 


A2 - 8A * kl 


1 0 8+k 0 
LP 
=> 1=8+k and 56+k=49 >k=-7. 
-1 
J If A=| 2 | and B 172 -1 —4], verify that (48)7 = 87 AT. 
i gi | < 
SOLUTION : We have, 
-1 
A=| 2 |and B=[-2-1-4] N 
3 
-l 
AB =| 2 | [-2-1-4] 
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Ai) 


4 -8 -12 | 
T 
-l -2 2:-4 -6] 
Also, B" AT »[-2-1-4, |2| =|-1|[-1 2 3]=|1 -2 -3 (ii) 
3 -4 4 -8 -12 
From (i) and (ii), we observe that 
(AB)? = BT AT 
m 2 3-2 
EZEN Evaluate the determinant D-| 1 2 3 | by expanding it along first column. 
-2 1 -3 


SOLUTION : By definition, we have 

















2 3 -2 
D-|! 2 3|-ay44*454,5*2544,57a4CD" Mj * 4470) ? Mj + a)3(-1)'P My, 
d d 
—2 3 -2 
=> Dz(-D'!xax * (p^ x 1x iE” x(-2) 
a = 2 4 
2 3| (3 -2| |3 -2 »" 
=> D=2 — -2 : 
1-3] ja +3] [2 3 PI 




















=$ D-2(-6-3)-(C9*2)-2(9*4)-- 18 + 1k26 - 37. 
; NN 


1 3 
If A= | | find the determinant of the matrix A? — 24. 
i 2 1 


SOLUTION : We have, 


- ui 3 i 7 
-. wt : Ma ui 


= 25-0 - 25. 
sty 
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x sinO cosO 


Prove that the determinant |-sind -x . 1 | is independent of 0. 




















cos 1 X 

SOLUTION : We have, " 

x sinO cos@ 
=> A-|-sinO -x l 

cos Q l x 
-x 1 —sinO 1 —sinO -x 

=> A=x —sinO * cos 0 

i x cos0 x cos0 | 
=> A= x(—x? —]) -sin0(— sin 0 — cos 0) + cos0 (-sin 6+ x cos) 
=> A=- - x+ x(sin? 0 + cos? 9) 
=>. À=- -x+ xsin 0+ sin @ cos0 — sinO cos + xcos? 0 


A= -x? -x«x- -x, which is independent of 0. 


x-2 -3 


B Example 10: LH 


— 3, find the values of x. 








3x 2x 


SOLUTION : We have 








x-2 -3 
=3 

ax 2x 
= (x —2) x 2x- (-3) x 3x - 3 
= 2x (x-2) * 9x =3 
=> 2xt-4x+9x=3 
=> 2x*+5x-3=0 
= (2x — 1) (x +3) =0 
=> 2x-1=0 or, x+3=0 
= ie ll 

2 
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DIRECTIONS: Complete the following statements with an 
appropriate word / term to be filled in the blank space(s). 





1. A matrix, in which there is only one row, is called a 
matrix. 


2. A matrix, in which there is only one column, is called a 


— matrix. 

3. A matrix, in which the number of columns is not equal to 
the number of rows, is called a .................. matrix 

4. A matrix in which the.number of columns is equal to the 
number of rows, is called .................. matrix. 


5. A square matrix in which all elements except the diagonal 
elements are zero is known as .................. matrix. 





d x MG PO Ae eB NL a. 





DIRECTIONS: Read the following statements and write your 
answer as true or false. 


1. A square matrix, in which all the elements in the diagonal 
are unity and all other elements are zero, is called a unit 
matrix. 

2. Unit matrix is also called identity matrix. 

3. A square matrix which is both upper and lower triangular 
is called a diagonal matrix. 

-3 0 
4. is a diagonal matrix of order 1. 

0 -2 
5. Matrix multiplication is not commutative i.e. AB # BA. 
6. All the diagonal element of skew-symmetric matrix are 1. 





aron Lt t ý Nye mnnera mtn S TT Ay 
C XAA IS WM SS Mo coe Z9 ay A LEY, 
CCATT ^; v yv H vp f; y PIEN 

Hatch the “Columns 

. AA cretion the tmd cies noe 


\ 
DIRECTIONS: Each question contains statements given in two 
columns which have to be matched. Statements (A, B, C, D, E) 
in Column I have to be matched with statements (p, q, r, s, t) in 
column II. 





1. Column I Column II 


2 3 a 
(A) If A= | then the value (p -13 
6 .9 | 


of | A | is 
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2 
(B) If = 4 then the value (d 4'=-A 
of d is 
(C) A square matrix A is symmetric if (r) 6 
47 
(D) A square matrix A is (s) 3 
skew-symmetric if 
(E) Area of triangle with vertices at (t) 4-4 


the points (2, 7), (1,1), (10,8) ís 





DIRECTIONS: Give answer in 2-3 sentences. 





T 3 p 2 
l If A= B= and AB = BA then ind Se 
3 9 -3 5 
value of p. 
i 2:3 3 -13 
2. If A= and B = , then find 
Se Te | -l 0 2 
2A — B. 
£3 
1 -2 3 
3. If A= and B=|4 5| , then find 43, 24. 
4 2 5 
A i 


Show that AB + BA. 
-2 
4. 1f4-2|4]|,B-[l 3 -6], verify that (4B)' = 54- 
5 


5. Find values of x for which 














x 


1 2 
6. zi | then show that | 234 | 2 41.4). 
2 


7. Find minors and cofactors of all the elements of the 


| -2 
determinant 
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Matrices AND DETERMINANTS 





DIRECTIONS: This section contains multiple choice questions. 
Each questions has 4 choices (a), (b), (c) and (d) out of which 











ONLY ONE is correct. 
7a—5b 3c 
i x i =0, then which one of the following is 
correct? 


(a) 14a +3c= 5b (b) 14a-3c= 5b 


(c) 14a-* 3c - 10b (d) 14a+10b=3c 


3 4 2 -3 
2. |f A- and B = , then the determinant 
-] 2 4 —-$ 


value of AB is 
(a) 10 (b) 20 


(c) 12 (d) 15 


5 x 
3. If A= and A = A’, then 


(a) x=0, y=5 (b x+y=5 
(c) x=y (d) none of these 
4, G2 413 
4. If A=|a an 453| and C; is cofactor of a; in A, 
a3) 032 033 


then the value of | A | is given by 
(a) ayy C3; + ay C32 + a3 C33 
(b) aj Cy + a? Coy +43 Cy 
(c) az; Cii + az Cyn + az; Cy 


(d) aj, Ci, + a5 C5, + a4, C3, 
a 2 
If A= ; and | A? | = 125 then the value of a is 
a 


(a) +1 (b) +2 (c) +3 (d) +5 





UJ 


71 


Po. 22? iC —— ^» 
Ex PISOS. S 3 2 
Ss eR 


SLD LL FOIE TES 
RE v5 073993 EY Á 


A =< = kE 
. ` d = us > 3 Gee NE TEE 
ema a AE eS ER y a a T apa i qui 








DIRECTIONS: This section contains multiple choice questions. 
Each question has 4 choices (a), (b), (c) and (d) out of which ONE 
or MORE MAY be correct. 





seza 
. 


Which one of the following does not hold for matrix 
multiplication? 


(a) Matrix multiplication is not commutative. 
(b) Itis not associative. 
(c) Itis not distributive over matrix addition. 


(d) The product of a matrix with a null matrix is a null 
matrix l 


E 


Which of the following is/are correct? 

(a) If A and B are two matrices of the same order, then 
A-B-A- (-B). 

(b) Asquare matrix A = [2;;] is called an upper triangular 
matrix, if aj; = 0 for all i » j. 


(c) Addition of two matrices is commutative if A and 
B are two matrices of the same order then A + B = 
B * A. 


(d) A matrix whose all elements are zero is called an 
identity matrix. 


3. Which one of the following is/are not correct? 


(a) Ifthe order ofa matrix is m x n, then order of transpose 
of the matrix is same. 


(b) Ifthe order ofa matrix is m x n, then order of transpose 
of the matrix is n x m. 


(c) IfA and B are two matrices of same order, then 
(A * B)! = AT + BT. 
(d) IfA and B are two matrices of same order, then 
(4 * B —- A * B. 
4. Which one of the following is/are correct? 


(a) Matrix subtraction is possible only when both the 
matrices are of same order. 


(b) A4-B,isobtained by subtracting corresponding element 
of B from that of A. 


(c) If'K' isa scalar and A and B are two matrices of same 
order, then A(.4 + B) = kA = kB. 


(d) None of the above. 
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DIRECTIONS: Study the given paragraph(s) and answer the 
following questions. rj 





A square matrix is a singular matrix if its determinant is zero. 
Otherwise, it is a non-singular matrix. 


-2 
|. — For what value of x the matrix is 4 =| | 2 : is 
singular? x2 -3 
(a) x=-l (b x=1 
(c) x=2 (d x=-2 
2. If A is a skew-symmetric matrix of odd order then 
(a) A is singular (b) A is non-singular 


(c) cannot determined (d) none of these 


3. IfA is a square matrix of order n(n > 2) such that each 
element in a row (column) of A is zero then 


(a) |A|=0 (b) |4|#0 


(c) |A|x1 (d) none 





DIRECTIONS: Each of these questions contains an Assertion 
followed by reason. Read them carefully and answer the question 
on the basis of following options. You have to select the one that 
best describes the two statements. 





(a) If both Assertion and Reason are correct and Reason is 
the correct explanation of Assertion. 


(b) If both Assertion and Reason are correct, but Reason is 
not the correct explanation of Assertion. 


(c) If Assertion is correct but Reason is incorrect. 
(d) If Assertion is incorrect but Reason is correct. 


3 0 0 
1. Assertion: |0 4 0| isa diagonal matrix. 


00 7 
Reason : A = [aj;] is square matrix such that a; — 0 Vi + j 
then A is called diagonal matrix. 


2. Assertion : The order of the matrix A is 3 x 5 and that of 
B is 2 x 3. Then the matrix AB is not possible. 


Reason : No. of columns in A is not equal to no. of rows 
in B. 


3. 


Assertion : An m x n matrix is said to be a square matrix 
if m = n and is known as a square matrix of order n. 


Reason : A matrix having m rows and » columns is called 
a matrix of order m * n. 


2 


Assertion : Matrix A | 
-l 8 


| is called a rectangular 


matrix. 


Reason : A matrix, in which the number of columns is 
not equal to the number of rows, is called a rectangular 
matrix. 





DIRECTIONS: Answer the following questions. 





= 
* 


pa 


- 
^ 


» 


in 


9 


z 


= 


If A= l " d , then find the value of 440. - 


E 


If A and B are 3 x 3 matrices such that AB = A and BA = B, 
then find the value of 4? — B3, 


Under what conditions the matrix equation 
A? — B? = (A — B) (A + B) is true? 


If A, B, and C are three matrices of the same order, then 
prove that 4 - B >A+C=B+C. 


i -| 0 —tan(a/2) 


tan(o./2) 0 | and / be the identity 


matrix of order 2, then show that 


147 (- dee ml 
sina cosa 
214 ? i 
If A= 415 and B=|2 2|. Write the order of 
"011 73 
AB and BA. 


2 ; 
If A- en i and A” = 0, then find the minimum 
-a? -ab 


value of n. 


Find all 2 x 2 matrices which commute with the matrix 


[4 al 
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EXERCISE - I 
FILL IN THE BLANKS 





1. Row 2. Column 
3. Rectangular 4. Square 
5. Diagonal 
TRUE/FALSE 
1. True 2. True 
3. True . 
4. False 

C wWL o4 

is a diagonal matrix of order 2. 

0 -2 
S. True 6. False 
MATCH THE COLUMNS 


1. (A)—75(B)p;(095(D)94q;(Es 


(2 3) 
(9) "(s o) 


= |A|=2(9)-3(6)=18-18=0 - 

2 -4 

9 d-3 

=> 2(d-3)+4(9)=4 

=> 2d-6+36=4 

> 2d--26 = d--13 
€ 313 


(B) mA 








(E A=—|1 1 1 


1 

2 
10 8 1 

- [0 -8)- 70-10) « 18-10) 


- zs 63-2] = (471 sq. unit 


SHORT ANSWER QUESTIONS 


(7 2\(p À ( 7p-6 24) 


dé" T UFU 


(p 2)(7 2) (7p-6 2p«18) 
zt sla o)” \-21-15 sau) 


2. 


AB = BA 
=> 2p+18=24 => p=+3 


We have 


| 
2A-B=2 
| 2 


ll 
cc 
A t2 
ON > Ww N 
w- t) 
N oO 
+ l 
rn ee 
T I | UJ 
tə -— 
O = e dX 
tw Ww " J 


2-3 4+1 6-3 -1 5 3 
| 441 6+0 2-2| |5 6 0 
Since A is a 2 x 3 matrix and B is 3 x 2 matrix. Hence 


AB and BA are both defined and are matrices of order 
2 x 2 and 3 x 3, respectively. 


2 3 
| -2 3 2-846 — 3-1043 
AB = 4 S = 
P 2 ; "T "M oed 


d» 3| 


and 
"AES 2-12 -4+6 6-415 
1 -2 3 
BA-|4 5 -|4-20 -8410 12-425 
4 2 5 
2 | 2-4 -442 6+5 
-10 2 21 
=|-16 2 37 
—2 -2 11 


Clearly AB # BA 
We have, 
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5 5*' 15 —30 
«E d 5 
(ABY=|-6 12 15 
12 -24 -30 


Now 4'-[-245] B’=| 3 
-6 


l 2 4 5 


B'A'=| 3 |[-2 4 S5]-|-6 12 15 |=(ABY 


—6 12 —24 -30 


Clearly (AB)' = B'A' 























g x| [3 2 
5 We have m 
l 4 1 
i.e., 3-x2=3-8 
i.e., x28 
Hence, x2i242 
6 We have, i 
1 2 2 4 
A= = ipm 
42 8 4 
Ad uu 2 4 
| A|= =2-8=-6and| 2A |= 
4 8 4 
=8-32= 


Consider | 24 | - -24 2 4x6 - 4| A | Hence proved. 


7. Minor ofthe element a; is Mj. 
Here a;, = 1. So Mj, = Minor of a,, 73 
M,,= Minor of the element a, = 4 
M», = Minor of the element a,, =-2 
M», = Minor of the element a5; =: 
Now, cofactor of a; is A ij So 
A 7 C0)! *! M = (C71? (3) 23 
457 C)! *? M5 7» (CD? (4) - -4 
44,7 C1? *! M,, = (-1? (-2) =2 
A» = C1? *? M2 (-1* (1) = I 





-24 


EXERCISE - 2 
C 
MULTIPLE CHOICE QUESTIONS 


b 
=ad — bc 
d 








a 
l. (c) Weknow 
c 


. Req. det = 2(7a — 55) + 3c = 0 
2. (b) det (AB) = detA. det. 
det A=6+4=10 
det B-—10 12-2 
-. det (AB) = 10 x 2 7 20 
3. (c) A247 


5 x} l5 y 
ü y 0| |x 0 
> x=y 
4. (d) 


a 2 3 3 
5. (c) A= 5 l4 |-14 =125 
Zz uU 


Now |4| 2 o? -4 


=> (a^-4) =125=5 sa? -4-5— a - 43 


MORE THAN ONE CORRECT 
(b, c) 2. (a,b,c) 
3.  (a,d) 4. (a,b,c) 
PASSAGE BASED QUESTIONS 
1. (a) |A|=0 
1 -2 3 
-— |] 2 1ļ|=0 
x 2 -3 


=> (-6-2)+2(-3-x)+3(2-2x)=0 
—-8x-8-20 
=> x=-] 

2. (a) A is singular 3. (a) 

ASSERTION & REASON 

1. (a) IfA = [aj ]nxn is a square matrix such that a, = 0 for 


i,j then A is called diagonal matrix the above statement 
3 0 0 


istrueand 4— |0 4 | isa diagonal matrix. 


007 
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put vem; VS, 
(a) Matrix AB is possible only when if number of columns i 
gen : cosa  -—sina 
in A is equal to number of rows in B. ^ (i-e ^| | 
(b) Both statements arc truc. sina cosa 
(a) Both Assertion and Reason is correct. Also, Reason is | tan— 1 
correct explanation for Assertion. - 8 men p: 
— sing cosa 
HOTS SUBJECTIVE QUESTIONS 2 
1. a-|° i ». 0 ij|0 i _|! 0 "I |- tan? € 2tan 9 
-i o^ [2i oll- o] |o 1|^ ^ € emm 
lj l tan — || 1+ tan^ — |+ tan^ — 
=> 4'"5.(42y» -(1)9 -|i i A 2 
0 1 k 
-tan e l 2tan= 1-tan* — 
Given AB= 4,2. B=I : PE S 
BA=B, ..A*lI I+ tan? 7 1+ tan? Š 
Now, 4? - B? « (I - (I? =O. 
We have, A? — B? = (A — B) (A + B) 1-7 2t 
=> 41- Bi-(4- B) A (A - B)B lf tilts Te? |, where io dan 
[By distributive property of matrix multiplication over -z ij 2t lag? z 
matxaddition] lar? l+? 
=> A?—B?=42- BA + AB - B? 
[By distributive property of matrix multiplication over l=? +U? U+- 
matrix subtraction] ET ui 
-H 
=> 0 = 4? — BA + AB - B? - A? + B? 1 = 2 
=> 0=-BA+AB => AB - BA — a 
Thus the given matrix equation is true if the matrices A and iE: uM 
B commute with each other over multiplication. 2 2 
l+t -t(14 t^) 
Let A = [a], x m B = [bin x n and C = [c,],, x n be three | £e Ca D oj 
matrices of the same order m x n. Then, A + C and B + C = 2 3 -| | 
(19:5) l+ t] 
are also of order m x n. —— —- 
"nnn l+t l+t 
= ay = bj, for all i= ie Ae a e eut " 
= ay tej = by + cy for all i= 1,2, . mj l2, un = -afose cse] | S ime ; 
=> (A + C); = (B + C); foralli=m; j=n sina cosa | a i md ul 
" —_ | Order of 4 2 2 x 3 d 
SAANS Order of B=3 x 2 
a 
0 0  -tan— l iso `. Order of AB = (Number of rows of A) 
Isa |. n” ; T is x (Number of coluinns of B) = 2 x 2 
4 Again order of B 2 3 x 2 and order of 4 2 2 x 3 
<. Order of BA = 3 x 3. 
1 0 0 tan— 
And i-4-| |- " 2 ab b [ab b 
| a Aa AAz 
tan 53 0 -a° -ab||-a? -ab 
| tan a^ b? —a*b? ab! - ab? 0 
- " -ab+a°b -a*b? +a?b? 
M l 


Now, A? = A. A? = 0 and A" 7 0, for all n > 2. 
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a b | The above four relations are equivalent to only two 
8. Let B= Í Í be a matrix which commute with A then independent relations a — d = b. b + 2c = 0 
$ = =h+,= -2c +À 
AR BA. if d — XA then a c 
1 2ļja b a b||l 2 A-2c -2c 
= I] ible 2 x 2 matri ‘hich 
E ^ f ;| ;| p 2 Thus, | b x Je possible matrices whic 
| 2 
_|a+2c b+2d _|a-b 2a-b commute with given matrix 4 = a al where A and c 
-a-c -b-d| |c-d 2c-d ; 
being any arbitrary complex numbers. 
—at2c-a-b,b*2d-2a-b,—a-c-7c-d, -b-d 


= 2c—- d 
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Extension of 2-D Geoemtry — 
lo ?- Geometry 


[INTRODUCTION | 


To locate the position of a point say point P in a plane, we consider an arbitrary point ‘O’, called origin, 








and two mutually perpendicular lines passing through the origin in the plane of the point P. One of these 
two lines is horizontal and other is vertical. The horizontal line is represented by X'OX and vertical line 
is represented by YOY'. The horizontal line X'OX is called x-axis and vertical line YOY’ is called y-axis. 
The plane passing through these x and y-axis is called XOY plane or XY-plane. 


The perpendicular distance of the point P from y-axis is called x-co-ordinate of the point P and the 
perpendicular distance of the point P from x-axis is called y-co-ordinate of the point P. If ‘a’and ‘b’ are 
x and y-co-ordinate of the point P, then (a, b) is called coordinates of the point P, which represent the 
position of the point P in xy-plane. 

In (d, b), the x-co-ordinate ‘a’ always comes first and y-coordinate *b’ always comes after x-coordinate 
‘a’, Direction of rays OX and OY are the +ve direction of x and y-axis respectively. Direction of rays 
OX' and OY' are the —ve direction of x and y-axis respectively. 

In actual life, we do not have to deal with the points lying in a plane only but we also deal with the points 
lie in the space In this chapter, we start with the points lie in a plane (a plane has two dimensions ; length 
and breadth) and extends our study to points in space (a space has three dimensions : length, breadth 
and height). 
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Loren ee ET IE e a eee bkn angi m m t e rng los qe ert tem arme ATI ong tree vy" - 
INTRODUCTION TO 2-DIMENTIONAL CO-ORDINAT 
em eim T Lr. oer e ur oum PENA "m s Gas CI on gn r^ LAPIK CER IR E e we AE SES ae ae DEP ETE TT ERCA ei uia JUS Bes Peon 
CO-ORDINATE OF A POINT IN Xy-PLANE 


The perpendicular distance of any point P from y-axis is called x-co-ordinate (or abscissa) of the point P and the perpendicular 


distance ofthe point P from x-axis is called y-co-ordinate (or ordinate) of the point P. In the figure, PO and PR are the perpendicular 
distances of the point P from y and x-axis. 


~ Agger rmm uro do 


"GEOMETRY 


Si MSN ad MA GN d dca 








If PQ = x units (= OR), PR = y units (= OQ), the position of point P is represented by P(x, y). Here the order pair (x, y) is called 
the co-ordinates of point P. Hence, P(x, y) is a point in the x, y-plane which is x unit distant from y-axis.and y units distant from’ 
x-axis. ` 

In the order pair (x, y), the first entry ‘x’ is the x-co-ordinate and the second entry ‘y’ is the y-co-ordinate of the point. (x, y) is called 
an order pair because there is a pair of numbers x and y, in which the first entry x is always x-co-ordinate and the second entry y is 


always y-co-ordinate of the point. -—— 
SIGN CONVENTIONS IN THE xy-PLANE n 
(a) All the distances are measured from origin(O). " 


(b) All the distances measured along or parallel to x-axis and right side of Origin are taken as +ve. 
(c) All the distances measured along or parallel to x-axis and left side of origin are taken as —ve. 
(d) All the distances measured along or parallel to y-axis and above the origin are taken as + ve, 
(e) All the distances measure along or parallel to y-axis and below the origin are taken as —ve. 
According to the above sign conventions : 

(i) Co-ordinate of origin is (0, 0) 

(ii) Co-ordinate of any point on the x-axis and right side of origin is of the form (x, 0), where x > 0, 
(iii) Co-ordinate of any point on the x-axis and left side of origin is of the form (—, 0), where x > 0. 
(iv) Co-ordinate of any point on the y-axis and above the origin is of the form (0, y), where y > 0. 
(v) Co-ordinate of any point on the y-axis and below the origin is of the form (0, — y), where y>0. 
(vi) x and y-axis divide the XOY plane in four parts. Each part is called a quadrant. 


The four quadrants are written as I-quadrant (XOY), II-quadrant (YOX "), 1 II-quadrant (X 'OY ') and I V-quadrant (Y 'OX). Each of 
these quadrants shows the specific quadrant of the XOY plane as shown below : 





II-quadrant 
(- t ) 


I-quadrant 
(+,+) 







O 





X 


(- (s ) 
I]]-quadrant 


(+ E ) 
IV-quadrant 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


EXTENSION OF 2:D Geometry To 3-D GEOMETRY «cool 3e 





(a) Any ofthe four quadrants does not includes any part of x or y-axis. 
(b) In the first quadrant both x and y-co-ordinates of any point are +ve. 


I 

I 

' 

(c) In second quadrant, x-coordinate is -ve and y-coordinate is + ve. 
; (d) In third quadrant, both x and y-co-ordinates of any point are —ve. 
I 
I 
L| 


(e) In fourth quadrant, x-co- ordinate i is ve and y-co-ordinate is —ve as shown in the above diagram. 


PLOTTING OF A POINT IN THE xy-PLANE WHOSE COORDINATES ARE KNOWN 


If coordinate of a point is given then the position of the point can be plotted by measuring its proper distances from both the axes. 
Thus, any point (h, k) can be plotted as follows : 






(i) Measure OM equal to h along the x-axis. 
(ii) Now measure MP perpendicular to OM equal to k. 
The point P is the position of the given point (x, y). 


DISTANCE BETWEEN TWO POINTS 


Distance between any two points P(x}, y) and Q (x5, y») in the plane is the length of the line segment PQ. 
From P and Q draw PL and QM respectively perpendiculars on the x-axis and PR perpendicular on QM. 
Y. 





(Qo, Y2) 


Then, OL = x,, OM =x, PL = y, and QM = y; 
PR - LM» OM - OL - x, - x, 
QR = QM- RM- QM-PL7y,-y| 
Since PRQ is a right angled triangle, 
PQ? = PR? + OR? 
= (x, - xy? +(y,-y,)? (By the Pythagoras Theorem) 


PQ = V(x, 73. +02- 94)" 


i.e., Distance between any two points = ,/(difference of abscissae)? + (difference of ordinates)? 
Corollary : The distance of the point (x,, y,) from the origin (0, 0) is. 


(x, - 0)? (y -0)? = yx? + y? 


Let us consider some examples to illustrato, 
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Illustration! : Find the distance between each of the following pair of points : 

(3) P(6,8)and Q(- 9, — 12) (b  A(-6,- 1) and B(- 6, 11) 

SOLUTION : 


(a) Here the points are P(6, 8) and Q(-9, -12). 
By using distance formula, we have 


PQ- Vc-9- ey? £ (712-8)? = V15? +20? = 4225.4 400 = V625 = 25 


Hence, PQ - 25 units. 
(b) Here the points are A(— 6, —1) and B(- 6, 11) 
By using distance formula, we have 


AB = -6- oy *(11-(-D0P = Jo? «12? 212 


Hence, AB = 12 units. 


APPLICATIONS OF DISTANCE FORMULA 
(i) For given three points A, B, C to decide whether they are collinear or vertices of a particular triangle. First we find the length 
of AB, BC, and CA then we shall find that the point are 
(a) Collinear, if the sum of two shorter distances is equal to the longest distance. 
(b) Vertices of an equilateral triangle if 4B = BC = CA. 
(c) Vertices of an isosceles triangle if AB = BC or BC=CA or CA - AB. 
(d) Vertices of a right angled triangle if 48? + BC? = CA? or AB? + CA? = BC? or BC? + CA? = AB? 
(ii) For given four points A, B, C and D; 
(a AB-BC- CD = DA; AC = BD = ABCD is a square 
(b AB=BC=CD=DA; => ABCD is a rhombus 
(c) AB- CD,BC- DA; AC = BD => ABCD is a rectangle 
(d) AB=CD,BC=DA = ABCD is a parallelogram 
(iii) (a) Diagonal of square, rhombus, rectangle and parallelogram always bisect each other 
(b) Three given points A, B and C are collinear if either AB + BC = AC, AB + AC= BC or BC+ AC=AB 


SECTION FORMULA 
To find the co-ordinates of a point, which divides the line segment joining two points internally in a given ratio : 


Let A(x,, yı) and B(x, y;) be the two given points and P be a point on AB which divides it in the given ratio m : n 
i.e, AP : PB = m : n. We have to find the co-ordinates of P. Let P = (x, y). 


Draw the perpendiculars AL, PM, BN on OX, and, AK, PT on PM and BN respectively. Then two similar triangles AKP and PTB 


are formed. 

AP _ AK _ PK (i) f 
We have, PB PT me SE B(x, y») 
Now, AK =LM=OM-—OL=x-x, 


PT- MN - ON - OM - x, - x 
PK = MP — MK = MP - LA- y yi 
| BT- NB- NT- NB- MP- y4-y 


B Jo—X^ Fs 
m x—x| 


The first two relations give, E v -x 


or  mx,—mx-nx-nx, 


From (i), we have, 








or x(m+n)=mx,+ nx, 
mx; + nx 
m+n 
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Similarly, from the relation P = = we get Pin 


T’ e : JEY which gives on simplification. 


m + ny 
m+n 
mx, + nx _ My2 +ny, T 
Hénce, ra — 1 and y"—5 ay 2s (11) 
m+n m+n 


Hence co-ordinates of a point which divides the line segment joining the points (x), yj) and (x2, y) in the ratio m : n internally is 
(= + nx, myz +ny 
m+n ' m+n 


MID-POINT FORMULA 


The co-ordinates of the mid-point of the line segment joining two points (x,, y,) and (x, ya) can be obtained by taking m = n in the 
section formula above. Putting m — n in (ii) above, we have 


ae TIS X231 and ,,, 702 1001 72 * A 


ntn 2 ntn 2 
Hence, co-ordinates of the mid-point joining two points (x), y,) and (x5, y;) is (82h ee Ja 73v 2 "i 
CENTROID OF A TRIANGLE 


Let A(x,,y,), B(x4,y?) and C(x4,4) are vertices of any triangle, then the centroid is the point of intersection of the medians (Line 
segment joining the mid point of a side and its opposite vertex is called a median of the triangle). Centroid divides the median from 
vertex to the mid point in the ratio of 2 : l. 

In the figure, D is the mid point of BC. 





X3X + 
~ D= E EM A (xy, y» zi) 

Since the centroid G divides the median AD in the ratio 2 : 1. 

Co-ordinates of centroid, 

F X +X3 2+ 3 ) 
= |+x, 2 + 
G= ( 2 : | 2 a - [x5 ateta) C 
3 s 3 3 3 (X2, Yz» Z2) (X3, Y3» 23) 

AREA OF A TRIANGLE 


Let ABC be any triangle whose vertices are A (x), y,), B T y3) and C (x3, y4). Draw BL, AM and CN perpendiculars from B, A and 
C respectively on the x-axis. ABLM, AMNC and BLNC are all trapeziums. 
Area of A ABC = Area of trapezium ABLM + Area of trapezium AMNC — Area of trapezium BLNC 


We know that, area of trapezium 





, 

= 7 * (sum of parallel sides) x (distance between them) , 
Therefore, area of AABC l Ci. 3) 
(BL+ AMY(LM) ez AM +CN)(MN) -= (BL +CN)(LN) 


| 
(y2 + xi -x)*z0n + y3)(x3 737302 + y3)(x3 7 x2) 


[xi Q2 7 3) + x203 7 3) * 330 7 2)] 
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CONDITION OF COLLINEARITY OF THREE POINTS 

Three points (x, V1), (x5, v4) and (x3, V3) are collinear, if x1 (573) * 1503-754) 51504753) = 0 
AREA OF A QUADRILATERAL 

Let the vertices of quadrilateral ABCD are A (x, vi), B (x5. 95). C (x5. 73) and D (x4, V4) 


So, area of quadrilateral ABCD = Area of A4BC + Area of AACD 


D(x,, Va) Cx 3» y3) 






AG 9) B(x, v.) 





ae a POE SS s Detail a pam SSS cel rior rt SY ES Nt ROX See ir rb I Es -g ore i ^s AC AU ade dd I EE EE UE lom i E pti a. 
` N 1 es : ; 3 y Y - 4. 
A k - ^ * A K^ a <——* t 
ONS LEA Wee. Jut a c. CD a TA ons 4 DS Sa ee ec 


2 = "T" n= SS : Fs - 1 1 San 4 zx 
39.97 Y SSPE IDEALS SEPA FO EE uma Cacus afe E RP E ELE: 


TO LOCATE THE POSITION OF A POINT IN SPACE : CO-ORDINATES OF A POINT 


To locate the position of a point, say point in space, we consider an arbitrary point *O", called origin and three mutually perpendicular 
lines passing through the origin *O". One of these three lines is called x-axis and represented by .Y "OY, other one is called y-axis 
and represented by Y 'OY, the remaining one is called z-axis and represented by Z'OZ. Direction of rays OX", OY' and OZ" are the 
positive directions of x, v and z-axis respectively. Direction of rays OX, OY' and OZ" are the negative direction of x, v and z-axis 
respectively. 

The positive direction of x, y and z-axis are such that if we place a screw perpendicular to the x»-plane so that tail of the screw 
lies in the xy-plane in between the positive direction of x and v-axis and rotate the screw from positive direction of x-axis to the 
positive direction of y-axis, the screw will advance in the positive direction of z-axis as shown in the given below figure. 


^ 






Direction in which 


i a the screw will advance 


The plane passing through x and y-axis is called YOY or xv-plane, the plane passing through y and z-axis is called YOZ ex 
1z-plane and the plane passing through z and x axis is called ZOV or zv. plane, These three planes are called eo-endinate planes i 
space. 

, Ifa, b and c are the distances of the point Q from yz-plane, &v-plane and x» plane respectively, then (a, & o) is called 
co-ordinates of point Q, which locate the position of the point Q. In (a, 5, cy; weo-ontinate ^a" always comes first, v coordinate 9 
always comes in the middle and z-co-ordinate *c* always comes at the end, 
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Extension OF 2-D Geometry To 3-D 


SIGN OF CO-ORDINATES OF A POINTS IN SPACE 


The co-ordinate planes (i.e. xy-plane, yz-plane and zx-planes) divides the whole space in eight region. Each region is called an octant. 


The sign of the co-ordinates of a point determine by the uctant in which the point lies. The following table shows the signs of the 
co-ordinates in eight octants. 





Fourth 
Octant 
(OXY'Z) 


x-co-ordinate 


z-co-ordinate 





om 


DISTANCE BETWEEN TWO POINTS 
Let P (xi, Yp z,) and Q (x,, y,, z,) be two given points. The distance between these points is given by 


PO - (x; 7x! * 02 - 3) * (2 a» 
The distance of a point P (x, y, z) from origin O is 


OP = Jx? £y +27 
Illustration 2 : Show that the points (1, —1, 3), (2, A 5) and (5, -13, 11) are collinear. 


SOLUTION : Let the points be represented by A (1, —1, 3), B (2, — 4, 5) and C 6 —13, 11). Then by using distance formula 
BC = (5-2) +(-13+ 4)? « (11-5)? 
= /9+81+36 = V126 =3V14 
= Ja-5? +(-14+13)? +-1)? 
= 16 +144+ 64 = 4224 = 4414 


We note that AB + BC = CA. Thus, A, B, and C are collinear. 


SECTION FORMULAE 


The co-ordinates of any point R, which divides the join of points P(x,, y,, z,) and O(x,, y;, z;) in the ratio m : n internally are 


n 
ee 0 »» z) 
(= +nx my)*ny my + 0) R 


men ^ m+n >° m+n P(X), yy 24) 


MID-POINT FORMULA 


, 


+a y+» a+) 
2 2,7 2 


The co-ordinates of mid point of P(x,, y,, Z1) and Q(x;, y;, z;) are 
CENTROID OF A TRIANGLE 
Co-ordinate of the centroid of a triangle formed with vertices P(x), 1,21), Q(x2, Y2, 22) and R(x3, y3, 23) are 


(stats atata atata), 
; = 3 5 g 
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MISCELLANEOUS 


Find the distance between each of the following points A(— 6, — 1) and B(— 6, 11) 


SOLUTION : Here the points are A(— 6, — 1) and B(- 6, 11) 
By using distance formula, we have 


AB = /-6-co? +{11-(=1)}? = Jo? 412? =12 


Hence, AB = 12 units. 


The distance between two points (0, 0) and (x, 3) is 5. Find x. 


SOLUTION : By using distance formula, we have the distance between (0, 0) and (x, 3) is V(x -0y «3-0y. 


It is given that Ja - oy? *£(3-0) 25 or x^* 3-5 


Squaring both sides, x? - 92 25 or x22 16 or x- «4 
Hence, x -  4orx 2 — 4 


Show that the points (1, 1), (3, 0) and (-1, 2) are collinear 
SOLUTION : Let P(1, 1), Q(3, 0) and R(-1, 2) be the given points 


PQ = 43-1? «(0-1? =/44+1 = Js units 
OR = \(-1-3)? + (2-0)? = i644 = 245 units 
RP=\(-1-1)2+(2-1)2 = V441- = JS units 


Now, PO-- PR= (M5 4 A5) units = 2./5 units = OR 


P, Q and A are collinear points. 





Find the co-ordinates of a point on y-axis which is equidistant from the points (13, 2) and (12, -3). 


SOLUTION : Let P(0, v) be the required point and the given points be 4(12, —3) and B(13, 2). 
Then PA = PB (given) 


J4u2 - 0)? +(-3- y} = Ja -0) «(2 -» 
=> J1444(¥4+3) = 169+ (2 - y? 


Taking square on both sides, we get 
144 «94 y? *t6r7169*4412-4v 
=> 1l0v=20>y=2 
The required point on v-axis is (0, 2). 


ABC is a triangle in which P, Q, R are the mid-points of BC, 





CA, AB respectively. The co-ordinates are A(-3, 2), Q(1, -2) and P(2, 2). A(-3, 2) 
Find RO. 
SOLUTION : Let the coordinates of C be (x, y). R ` 
= (aes tty) 2 2 
2 E 2 Ae ) 
-34x 24 y 
— = l, =- r= '- [^ 
; = 22x25, v= -6 B (2, 2) i 
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EXTENSION OF 2-D GEOMETRY To 3-D Geometry KSUBI el 
Let the coordinates of B be (a, b). 


(= 2-6 T 
2 gu (2,2) 2 a=-1,b=10 





Coordinates of R = (223. un 2) = (-2,6) 


2 


RO - 402? « (2-6? > D-3 


Find the ratio in which the join of (- 4, 3) and (5, -2) is divided by (i) x-axis (ii) y-axis. 
SOLUTION : 





(i) x-axis divides the join of (x, yı) and (x5, y>) in the ratio of -yı 2 ¥2=—-3 : -2 =3:2. 
(ii) y-axis divides, in the ratio of <x, :x, =4: 5. 


The co-ordinates of A, B and C are (—1, 5), (3, 1) and (5, 7) respectively. D, E and F are the middle points of 
BC, CA and AB respectively. Calculate the area of the triangle DEF. 








A(-1, 5) 

SOLUTION : Mid-point D (x, y,) = (325 147) - (4,4) " 

2 2 
Mid-point E (X5, y2) = [3 xs 3 = (2, 6) ‘ 

2 2 (x5, »yF, E(x, Ya) 
— -1*3 541 

Mid-point F (x3, y3) = | 2 3 — (1, 3) 
Now, using the formula, area of triangle — zh ya - X3) * x03 - y) * x34 - )| B D C 


i (3, 1) Qu. ») (5, 7) 
= Area of ADEF = 5146 -3)« 2(3 - 4) + I(4- 6)| = 4 square units. 


Hence, the area of ADEF is 4 square units. 


What kind of triangle is formed by A(1, 2), B(4, 3) and C(5, 6)? 
SOLUTION : AB? = (4-1? + (3-2» -9*1-10 
BC? = (5-4)? + (6-3)? =1+9=10 
CA? = (5-1 + (6-2? = 16 + 16 = 32 
AB2=BC2 = itis isosceles. 
CA? > AB? + BC? since 32>10+10 => ZBis obtuse 
Hence, ABC is an obtuse isosceles A. 


Find the co-ordinates of a point which divides the line segment joining each of the following points in the 
given ratio : (-1, 4) and (0, —3) in the ratio 1 : 4 internally. 


SOLUTION : Let A (-1, 4) and B (0, —3) be the given points and let P(x, y) divide AB in the ratio 1 : 4 internally 
Using section formula, we have 


y OREN) 4. 5g EA HS 18 


1+4 5 1+4 5 


»[-5.3] divides AB in the ratio | : 4 internally. 
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r " a Mure treo Ot ge nm. 
NETTE Find the distance between the points P (3, 4, 5) and Q 71, 2, - 3). 


SOLUTION: PQ = o x) +02 -V * a - n 
Here, (x, y], Z1) = (3, 4, 5) and (x;, y, Z2) = (71, 2, -3) 


Hence, PQs4(-1-3y! «(2 m £(-3—-5)? = 416464 = J84 = 2421 
PRIME Show that the points A (0, 7, 10), B (—1, 6, 6) and C (- 4, 9, 6) are vertices of an isosceles right-angled triangle. 
SOLUTION : AB? = (-1 - 0 + (6 - 7? + (6 — 10? = 18 
.BC? =(-1 + 4)? + (6-9? + (6-6) = 18 
CA? = (0 + 4 + (7 — 9)? + (10 — 6)? = 36 
Since AB = BC and AB? + BC? = AC?, 
Therefore A, B and C are vertices of an isosceles right-angled triangle. 
Find the ratio in which the planes (1) XY (2) YZ divide the line joining the points P (-2, 4, 7) and Q (3, 5, 8). 
SOLUTION : 
(1) —Let the xy-plane divide the line joining the points P (-2, 4, 7) and Q (3, — 5, 8) in the ratio À : | at point R. Then the co-ordinates 
3A-2 -5X«4 St 
A+’ Atl A417. 
Since, the point A lies in the xy-plane, its z-co-ordinate = 0 


ù 7 
SAET aii \=-— 
+l. 8 


of R are | 


>. 





Hence, the required ratio is 7 : 8. Also, here 4 < 0, so the xy-plane divides the line segment PQ externally. 


(2) Here, we put x — 0 in the co-ordinates of R, since x — 0 for yz-plane. 
3. -2 -0>32=20r}, = 2 Required ratio is 2 : 3. 

*I-. 3 | 
eet eee Find the co-ordinates of the point which divides the line segment joining the points (1, —2, 3) and (3, 4, —5) 


in the ratio 2 : 3 internally. 


Hence, 





_ SOLUTION: 
(i) Let P (x, y, z) be the point which divides line segment joining A(1, — 2, 3) and B(3, 4, —5) internally in the ratio 2 : 3. 
| 2(4)+3(-2) 2 $ 2(-5) + 3(3) d =l 


=—,Z 


Therefore, x = 243 $5 243 5 


243 5" 
>. (92 -1 
Thus, the required point is s's'"s 


"ELEME Using section formula, prove that the three points (— 4, 6, 10), (2, 4, 6) and (14, 0, —2) are collinear. 


SOLUTION : Let A (— 4, 6, 10), B (2, 4, 6) and C(14, 0, — 2) be the given points. Let the point P divides AB in the ratio k : 1. Then 
2k-4 4k+6 6k+10 
dinates of the point P (25-4 4k«6 ec) 
co-ordinates of the point P are EO bal? eal 
Let us examine whether for some value of k, the point P coincides with point C. 


On putting 2k -4 
k+l 





=14 , we get k=- 


4k+6 _4(-3/2)+6 _ 


3 
eee! 0 
When k 2 then ne a 
6k+10 _ 6(-3/2)+10__, 
\ and Evi Nu 


Therefore, C (14, 0, -2) is a point which divides 4B externally in the ratio 3 : 2 and is same as P. Hence 4, B, C are collinear. 
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ExreNsioN.oF.2-D Geometry To 3:D GEOMETRY: Coin ss Se N hale M | AR ARUM An SG QU ps 


AZE SEE Prove that the three points P, Q, R whose coordinates are respectively (2, 5, — 4), (1, 4, — 3), (4, 7, — 6) are 
collinear and find the ratio in which the point Q divides PR. 








SOLUTION : We can prove that collinearity of the points P, Q, R by showing that PO + PR = OR, so that the point P lies on 
(within) the segment of the line QR. Alternatively, we may proceed as follows. 


Supposing that the points P, Q, R are collinear, let the point Q divide the line segment PR in the ratio n, : m 


Then the coordinates of Q are (mium, Jm *5m, -óm, - 4m; \ 
m +m, m, tm» m, + m» 


We can find the ratio m, : m, by equating any one of these co-ordinates to the given co-ordinates of Q. Thus equating the 
x-co-ordinates, we get 4m, + 2m,- m,* my, where m, : m7 -1:3 


It is necessary to verify that the same result is obtained by equating the other two co-ordinates. Then only it will follow that the 
assumption of the d of P, Q, R is correct. 


ETTE EN Show that the points A (1, 2, 3), B de —2, -1), € (2, 3, 2) and D (4, 7, 6) are the vertices of a parallelogram 
ABCD, but it is not a rectangle. 


SOLUTION : To show ABCD is a parallelogram we need to show opposite side are equal 


D = J(4-2y. «(1-3 « (6-2) = J4*16416 - 6 
DA - 0-4}? +(2-7) «G-6) = 49259 = J43 


Since, AB = CD and BC = AD, ABCD is a parallelogram. 


Now, it is required to prove that ABCD is not a rectangle. For this, we show that diagonals AC and BD are unequal. We have 


AC = JQ- «0-2» +(2-3 2 2411-12 3 
BD = \ (441)? + (742)? +(6+1)? = V25+81+49 = V155 


Since AC + BD, ABCD is not a rectangle. 


A (3, 2, 0), B (5, 3, 2), C (-9, 6, —3) are three points forming a triangle. AD, the bisector of angle BAC meets 
BC in D. Find the co-ordiantes of D. 


SOLUTION : Since AD is the bisector of ZBAC. .  4(3,2,0) 
BD AB 
>— = 5 eee (1) 
DC AC 


Now, AB = 4(5-3y. « (3-2). «(2-0 eer -4o-3 


(-9- 3)? +(6- 5 +(-3- =p = 4144 41649 =13 


BD 35 
DC 13 B s 
(5.3.2) D (-9,6,-3) 
Hence, D divides BC in the ratio 3 : 13 : 


The co-ordinates of D are 


(ano 3(6)+13(3) KDA). E 19 57 Pus 
3413 * $413 — 3413 8 '16 16 
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wait dea The mid-points of the sides of a triangle are (1, 5, —1), (0, 4, — 2) and (2, 3, 4). Find its vertices. 


SOLUTION : Let A (x), Yi 21), B (X, Yz Z2), C (x3, Y3, Z3) be the vertices of the triangle. 
Let D (1, 5, — 1), E (0, 4, — 2) and F (2, 3, 4) be the mid-points of the side BC, CA and AB respectively. Then, we have D is the mid- 


point of BC 
La nts OM Kg Stt, | A (x, y» z) 
2 2 2 
> xjtx,o72,yp,ty-710,z,*7,--2 00 —— (1) 
E is the mid-point of CA 
E (2,3,4) F E (0,4,-2) 
AA adt impen s 
2 " - "42 
> x*tx470,y,*y5,-8,z,tz,--4 0 | |»  — (2) 
F is the mid-point of AB Pi z,) (1 D 1) "es z) 
5 At 2g ATA I At, 
2 2 2 
= 3 0x94 y B) -6, trg MA Ae mn TT eeu (3) 
Adding first three equations (1), (2) and (3), we get 
2 (x, tx,*x,-22*0*4 > x,Q*tx0*tx,7 3 =- — (4) 


Solving first three equations (1), (2) and (3), with (4), we get 
x,21,x573,x,7—1 
Adding second three equations (1), (2) and (3), we get 
2 (yi *y;*y9710*8*6 > y, * y; +3 = 12 dieu (5) 
Solving second three equations (1), (2) and (3), with (5), we get 
Yı -2,y,*4, y76 
Adding last three equations (1), (2) and (3), we get 
2(z,*z;*z,--2-4-*8 —zptz tnl) 00 022- (6) 
Solving last three equations (1), (2) and (3), with (6), we get 
2,723,275, 2,7 -7 . 
Hence, the vertices of the triangle are 
A (1, 2, 3), B (3, 4, 5) and C (-1, 6, —7). 
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an neni Dc MR NN 
DIRECTIONS: Complete the following statements with an 
appropriate word/term to be filled in the blank space(s). 


———— ÉÓÉÓÁÁ—— 
|. The x-axis and y-axis taken together determine a plane 
KDDWIE NE nnr 


2. The co-ordinates of points in n the xy-plane are of the form 
Co-ordinate planes divide the space into .............. octants, 
Any point on x-axis is of the form ...................... 
Any point on y-axis is of the form ................ iin 
Any point on z-axis is of the form ....................... 
The co-ordinates of the mid-point of the line segement 


joining two points P(x,, y, zj) and Q(x, y», Z3) are 
) 


HARÉ 


8. The co-ordinates of the centroid of the triangle, whose 
vertices are (xi, Yp zi), (X2, V2, Z2) and (x5, y4, z4) are 


9 Points G. 2), (-2, -3) and (2, 3) form a ............ triangle 
10 If x — v = 2 then point (x, y) is equidistant from (7, 1) and 
Dios ) 


11. Area of a rhombus if its vertices are (3, 0), (4, 5), (- 1, 4) 
and (— 2, — 1) taken in order is ................ 

12. Area of a triangle formed by the points A(5, 2), B(4, 7) 
and C (7, — 4) is .............. 

13. Point on the x-axis which is equidistant from (2, —5) and 





DIRECTIONS: Read the following statements and write your 
answer as true or false. 


1. The distance between P (x, y,) and Q (x3, y;) is 


V(x +x)? Qt»). 


p 


segment joining the points A(x,, y,) and B(x», Y2) internally 
in the ratio m, : m, are 


mx -MXA My -my 
m, + my - m, + m, 
3. The mid-point of the line segment joining the points 
x tx + 
P(x jy) and Q(x y) is —— IL— 2 2 2 22 


4. Points (1, 7), (4, 2), (-1, -1) and (- 4, 4) are the vertices of 
a square. ` 


S. Area of the triangle formed by the points P(-1.5, 3), Q(6, -2) 
and R (—3, 4) is 0. 


AERCISE 


The coordinates of the point P(x, y) which divides the line 


6. The ratio in which the point (3, 5) divides the join of (1, 3) 
and (4, 6) is 2: 1 

7.  Thedistance of the point (5, 3) from the x-axis is 5 units 

8. The y-axis and z-axis, together determine a plane known as 
yz-plane. 
The point (4, 5, — 6) lies in the 6" octant. 

10, The x-axis is the intersection of two planes x»-plane and 
xz-plane. 

11. The equation of the plane z = 6 represent a plane parallel to 
the xy-plane, having a z-intercept of 6 units. 

12. The equation of the plane x = 0 represent the jz-plane. 

13. x =X represent a plane parallel to the yz-plane. 


" & auus a Re cic Ru uiia s doped 


DIRECTIONS: Each question contains statements given in two 
columns which have to be matched. Statements (A, B, C. D, ......) 
in Column I have to be matched with statements (p, q. T. S...) 
in column Il. 





i Column I 

(A) Ifthe centroid of the 
triangle is origin and 
two of its vertices are 
(3, -5, 7) and (-1, 7, - 6) 
then the third vertex is 
If the mid-points of the 
sides of triangle are 
(1, 2,- 3), (3, 0, 1) and 
(-1, 1, - 4) then the 
centroid is 
The points (3, —1, -1), (r) 
(5, — 4, 0), (2, 3, 22) and 
(0, 6, — 3) are the vertices 
ofa 


Column Il 


(p) Parallelogram 


(B) 


(q) (-2,-2,-1) 


(C) 


Isosceles right- 
angled triangle 


(D) Point A(1, -1,3), B(2, -4, 5) (s) (1,1, -2 
and C(5, -13, 11) are 

(E) Points A(2, 4, 3), B(4, 1,9) (t) Collinear 
and C(10, —1, 6) are the 
vertices of 

2.  Column-I Column-ll 

(A) In x»-plane (p) lst octant 

(B) Point (2, 3, 4) lies in the (q) »z-plane 

(C) Locus of the points having (r) coordinate is zero 
x-co-ordinate 0 is 

(D) Aline is parallel to x-axis (s) z-axis 
if and only if 

(E) Ifx *0, v *Otakentoge- (t) plane parallel to 
ther will represent the Xv plane 
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(F) z=c represent the plane (u) all the points on 
the line have equal 
y and z-co-ordinates 

(G) Planes x = a, y = b repre- 
sent the line 


(v) from the point on 
the respective 

(H) Co-ordinates of a point 

are the distances from the 

origin to the feet of per- 

pendiculars 

(I) A ball is the solid region 

in the space enclosed by a 

Region in the plane enclosed (y) sphere 

by a circle is known as a 

3. Column II gives the coordinates of the point P that di- 
vides the line segment joining the points given in column 
I, match them correctly. 


(w) parallel to z-axis. 


(x) disc 


(J) 


Column I Column II 
(A) A (-1, 3) and B (-5, 6) (p (7,3) 
internally in the ratio | : 2 
- (B) A (22, 1) and B (1, 4) (q) (0, 3) 
internally in the ratio 2 : | 
(C) A (-1, 7) and B (4, —3) (r) (1,3) 
internally in the ratio 2 : 3 
(D) A (4, —3) and B (8, 5) (s) (1,0) 


internally in the ratio 3 : | 





DIRECTIONS: Give answer in one word or one sentence. 


cC NUEDUE Obst dM MIGNE HAM NEM MM 

1. A point is on the x-axis. What are its y-co-ordinate and 
z-co-ordinates? 

2. A point is in the xz-plane. What can you say about its 
y-co-ordinate? 


3. Name the octants in which the following points lie: 

(1, 2, 3), (4, 2, 3), (4, 2, —5), (4, 2, -5), (- 4, 2, -5), 
(23, -1, 6), (2, — 4, -7). 

4. Find the distance between the points (-1, 3, — 4) and 
(1, 3, 4). 

5. Find the co-ordinate of the point P which is five-sixth of 
the way from A(—2, 0, 6) to B(10, — 6, 12). 

6. Let L, M, N be the feet of the perpendiculars drawn from 
a point P(3, 4, 5) on the x, y and z-axes respectively. 
Find the co-ordinates of L, M and N. 

7. L, is the foot of the perpendicular drawn from a point 
P(3, 4, 5) on the xz-plane. What are the co-ordinates of 
point L? i 

8. What is the locus of a point for which y = 0, z = 0? 

9. Ifthe distance between the points (a, 0, 1) and (0, 1, 2) is 


J2 then find the value of ‘a’. 
10. If distance between the point (x, 2) and (3, 4) is 2, then 
find the value of x. 


ae OL 


Mathematics 


11. Find the ratio in which the line x + y = 4 divides the line 
joining the points (-1, 1) and (5, 7). 


m e mcs 


DIRECTIONS: Give answer in 2-3 sentences. 


———€——" EEIE(———  ——"—!""———— 
1. Using distance formula show that the points P(2, 4, 6), 


Q(-2, 22, -2) and R(6, 10, 14) are collinear. 
2. Show that the points (5, —1, 1), (7, — 4, 7), (1, —6, 10) and 
(-1, -3, 4) are the vertices of a rhombus. 


3. . Find the point on y-axis which is at a distance V10 from 
the point (1, Z, 3). 

4. Show that the points A(5, 6), B(1, 5), C(2, 1) and D(6, 2) 
are the vertices of a square. 

5. Determine the ratio in which the point P (m, 6) divides 
the join of A (— 4, 3) and B (2, 8). Also find the value of 
Hh ^ | 

6. The co-ordinates of the mid-point of a line segment are 
(2, 3). If co-ordinates of one of the end points of the line 
segment are (6, 5), find the co-ordinates of the other end 
point. 

7. The vertices of APQR are P(2, 1), O(—2, 3) and R(4, 5). 
Find equation of the median through the vertex R. 

8. Find the median to the side BC of the triangle whose ver- 
tices are A(-2, 1), B(2, 3) and C(4, 5). 


Apa pte es 
1 ,)- 





DIRECTIONS: Give answer in four to five sentences. 


an 
B 


Show that the points A(1, 2, 3), B(-1, 2, —1), CQ, 3, 2) 
and D(4, 7, 6) are the vertices of a parallelogram ABCD, 
but it is not a rectangle. 

Find the co-ordinates of the centroid of the triangle whose 
vertices are (xi, y, Z4), (X5, Y2» Z3) and (X3; Y3» 23). 

Find the co-ordinates of the point which divides the line 
segment joining the points (1, —2, 3) and (3, 4, —5) in the 
«atio 2 : 3 (i) internally, and (ii) externally. 

The vertices of a triangle ABC are A(4, 6), B(1, 5) and 
C(7,2). A line is drawn to intersect sides AB and AC at 


and E respectively such that = EL EN 


fate the AC 4 
area of the AADE and compare it with the area of 


p 


o 


» 


Calcu- 


AABC. 
Prove that the points (4, 4), (3, 5) and (-1, —1) are the ver- 
tices of a right angled triangle. 

The area of a triangle is 5. Two of its vertices are (2, 1) 
and (3, -2). The third vertex lies on y = x + 3. Find the 
third vertex. . 

Find the co-ordinates of the points vf trisection of the line 
segment joining (4, — 1) and (2, -3). 


ga 


P 


x 
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EXTENSION OF 2- D. GEOMETRY TO 3-D Geometry 












ca Las re ger Y I eee der eir er OG 11. The points A (— 4,- 1), B (2, — 4), C (4, 0) and D (2, 3) are 
; S4 ; a h a’ ee inm 1 uestians: the vertices ofa i 
b) Rectan 
DIRECTIONS: This section contains multiple choice questions. EU Puoi o) p 
; ; (c) Rhombus (d) Square 
Each questions has 4 choices (a), (b), (c) and (d) out of which homi ME OOE Bena 
SOE UNE conned i> Wore than One Correct 
1. For every point P(x, y, z) on the xy-plane, i ce NM OA 
(a) x=0 | (b y=0 DIRECTIONS: This section contains multiple choice questions. 
(c) z=0 (d) none of these Each question has 4 choices (a), (b), (c) and (d) out of which 
2. For every point P(x, y, z) on the x-axis (except the origin, ONE OR MORE may be correct. 
X =0. y= =(. z= No... 
e) een, Mi mni eiie. a a 1. Whichofthe following points is not 10 units from the origin? 
(c) y=0,z=0,x#0 (d) none of these 6, 8) (b (-4,-6) 
3. The distance of the point P(a, b, c) from the x-axis is x 3 6, -8) (d) (6, 4) 
(a) Vb? +c? (b) Va? +e? 2. Which of the following is/are incorrect? 
—2, 3, 4) in the yz-plane i 3, 4). 
(0 Va? +b? (d) none of these (a) Image of (72, 3, 4) in the yz-plane 1s (2, 5, ^) 


(b) Image of (2, 3, 4) in the yz-plane is (2, —3, 4). 
(c) Image of (—5, 4, —3) in the xz-plane is (5, 4, 3). 
(b) vertices of an isosceles triangle (d) Image ot (5, 4, €: ssid AN is (5,—4,-3). 
: : 3. Which of the following is/are correct? 
E) TuS vir right angled triangle (a) Distance between the points P(—2, 4, 1) and 
(d) noneofthese . Q(1, 2, —5) is 7 units. 


4. Are the points (—2, 3, 5), (1, 2, 3) and (7, 0, -1) 
(a) collinear 


5. The co-ordinates of the point which divides the line seg- 


ice 1 (b) Image of (- 4, 0, 0) in the xy~plane is (- 4, 0, 0). 
— Joming the pou (1, -2, 3) end 9,5, 5) n the ra (c) Distance between the points P(-2, 4, 1) and 
tio 2 : 3 internally is Q(1, 2, -5) is —7 units. 

(a) E 5 i (b) E 2 =| | (d) Image of (- 4, 0, 0) in the xj-plane is (4, 0, 0) 
9'5* 1 2 3.9» 4. Which of the following is/are incorrect? 


129 29-1 (a) In 2-dimensional, x-co-ordinate is -ve and 
(c) (3.5.2) (d) EE y-co-ordinate is —ve in second quadrant. 

9 559 55 . (b) In 3-dimensional, if a point P lies in x»-plane, then - 

6. Point (3, 1, 2) lies in z-co-ordinate of P is negative. 


(a) OctantI (b) Octant II (c) In 3-dimensional, if a point lies on the x-axis, then its 
(c) Octant III (d) Octant IV y and z-co-ordinates are both zero. 

7. Cis the mid-point of PQ, if P is (4, x), C is (y, -1) and Q is (d) In 2-dimensional, both x and »-co-ordinates of any 
(2, 4), then x and y respectively are — 


point are +ve in third quadrant. 

Which of the following is/are correct? 

(a) In two dimensional geometry that two mutually 
perpendicular lines divide the plane containing them 
into four parts which are known as quadrants and the 


(a) —6and1 (b) -6and2 5. 
(c) 6and—1 (d) 6and-2. 4. 

8. The ratio in which the point (2, y) divides the join of 
(— 4, 3) and (6, 3) and hence the value of y is 


@) 2:3,»73 (b 3:2,y=4 lines are known as the co-ordinate axes. 

(c) 3:2,y 723 (d) 3 :2,y =2 l (b) In three dimensional geometry that three mutually 
9. The point which divides theme P "he pott C59 perpendicular lines divide the space into eight parts 

and p f internally in the a e " known as octants and the lines are known as the co- 

EZ —,— ordinate axes. 

" 3 5 " t ; (c) In two dimensional goemetry, the abscissa and 

(c) (-1, 5) (d) (1,5) ordinate of a given point are the distances of the point 
10. The area of the triangle formed by the line Sx -3y + 15 70 from y-axis and x-axis respectively. 

with co-ordinate axes is (d) In three dimensional geometry, the co-ordinates of a 

(a) 15cm? (b) 5cm? point are also the distances from the origin of the feet 

(c) 8cm? (d) 15 ui! of the perpendiculars from the point on the respective 


co-ordinate axes. - 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


EP Passage Based Questions 


—— EEE 
DIRECTIONS: Study the given paragraph(s) and answer the 
following questions. 





In the given figure, if the co-ordinates of point P are (a, b. c) 


then 


(i) 


(ii) 





The co-ordinate of point A is 
(a) (0,a, 0) 
(c) (a, 0, 0) 
The co-ordinate of point D is 
(a) (a, 0, b) 
(c) (5,a,0) 
The co-ordinate of point E is 
(a) (0, 5b, c) 
(c) (5,c,0) 


(b) (0,0,a) 
(d) (-a, 0, 0) 


(5, 0, a) 
(a, b, 0) 


(b) 
(d) 


(b) (5,0, c) 
(d) (0, c, 5) 





DIRECTIONS: Each of these questions contains an Assertion 

followed by Reason. Read them carefully and answer the question 
on the basis of following options. You have to select the one that 
best describes the two statements. 


(a) 
(b) 


(c) 
(d) 


If both Assertion and Reason are correct and Reason is 
the correct explanation of Assertion. 

If both Assertion and Reason are correct, but Reason is 
not the correct explanation of Assertion. 

If Assertion is correct but Reason is incorrect. 

If Assertion is incorrect but Reason is correct. 


Assertion: The co-ordinates of the point which divides 
the join of P(2, -1, 4) and O(4, 3. 2) in the ratio 2:3 
externally is (—2, —9, 8). 

Reason: If P(x,, +). 7,) and Qtr». v». =) be two points, 
and let R be a point on PO produced dividing it externally 
in the ratio m, : m,(m, = m»). Then the co-ordinates of R 
are 


m-m, ` m-m,  m-m 


Bie: 


Assertion: The distance of a point P(r, y. =) from the 
origin O(0, 0, 0) is given by 


2 2.2 
OP= yx +y +Z 


Reason: The distance between two points PXx,. v,. =;) 
and Q(x», y, =>) is given by 


(1-3 ) *-(» -ny +(z2 -ay 


Assertion: P( $, s) is the mid-point of the line segment 





joining the points Q(—6, 5) and R(—2, 3), then the value of 
‘a’ is -12. 
Reason: The co-ordinates of the mid-point of the 
line-segment joining the points P(x), v4) and Ox, v.) are 
(a tO Y ty» 

2 @ J 
Assertion:  P(—2, 3, 5), (X1, 2, 3) and RG, 0, —1) are 
collinear points. 
Reason: If P, O and R are three points and satisfies the 
condition PO + OR = PR then P, QO, R are said to be 
collinear points. 
Assertion: The co-ordinates of the centroid of the 
triangle, whose vertices are (x), vj. 31} (xs, vs. 7.) and 
(X3, V3, 23) are 

(a *X)*Xy MY ZI. 3 

3 * T 3 

Reason: If A(x,, vj), BU, Va) and Ary, v3) are vertices 
of any triangle then co-ordinates of centroid of the 
triangle is 

(= *X)*X3y M99» 


? ?) 


c - 
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Intro To 2-D ano 3-D Co-orvinate Geometry =i UN A 











EXERCISE - I! Mid-point of diagonal BD is 
FILL IN THE BLANKS (5x0 =s 0-3) (5.3 
2 2 2 2 2 
1. xv-Plane 2. (xy, 0) 3. Eight 
j i S isect each other. 
4. (x 0, 0) 5. (0.5.0) 6. (0.0.2) Diagonals of parallelogram bisect each other 


id id 


; i i |ac| = (5-2? + (-13 + 4) «(11-5 = 3/14 


8. [atur Wtyotyy mic ) 


2 2 | - 
: (asa ney a+) (D) [48] = (2-1)? + (441? + (5-3)? = A14 


3 3 3 lac} = y(s—1)? + (-13 +1)? + (11-3? = Mi 
9. right angle 10. (3, 5) Now |4B|+|BC|=|4C|. Hence points 4, B. C are 
11. 24sq.units 12. 2sq. units 13. (-7, 0) collinear, 
TRUE/FALSE (E) AB= V4+9+36=7 
1. False 2. False 3. True 4. True BC= J36+4+9 =7 
5. True 6. True 7. False 8. True CA = 464*2549 2 142 


9. False 10. True 11. True 12. True 


Now AB? + BC? = AC?, Hence ABC is an isosceles right 
13. True 


angled triangle. 

MATCH THE COLUMN | 2: (A) > r: (B) > p: (C) > q ; (D) > u; (E) > s: (F) 5t 
1. (A) 9q; (B) >s: (C) 9p; (D) >t; (E) >r (G) B w; (H) > v; (I) > y; J) x 

(A) Let A(3,-5, 7), B(-1, 7, —6), C(x, y, z) be the vertices of a 3. (A) > s: (B) > q; (C) > r: (D) > p 


AABC with centroid (0, 0, 0) VERY SHORT ANSWER QUESTIONS 











3-14x -5+7+y 7-6+z l. yandz-co-ordinates are zero. 
~. (0,0,0) = (rts, OW ^ c 2.  v-co-ordinate is zero, 
x+2 y+2 , zl 3. (12,3) ->  Octant! 
=> —-=0,— =0,— =0, 
3 3 3 (4, -2, 3) —  Octant IV 
Hence x = 22, y = 22, and z = -l. (4,-2,-5)  -  Octant VIII 
(B) Let ABC be the given A and DEF be the mid-points of (4, 2, -5) = Octant V 
the sides BC, CA, AB, respectively. Centroid of the AABC (-4, 2, -5) = Octant VI 
cents BLADSPS (-3,-1,6)  -»  Octant lll 
^. centroid of ADEF is (2, -4, -7) ->  Octant VII 
[s 24041 c - (1, 1,-2) 4. Required distance 
173 ^ 8 m : : - 
- Ja +1)* +(-3-3)° +(4+4)° 
(C) Mid-point of diagonal AC is 
ie -143 un E | as 
2^2 — 1 2/2 


104 a 2/26 
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5. 


tM umm simt am Zwt (tert, - y | 
en Yet thao ese 


Let P(x, y, z) be the required point, i.e., P divides AB in 
the ratio 5 : 1. Then 


nO E pu Sx-6+1xQ 5x-1241x6 
541 5«1 5+1 
X 7(8,-5,-9) 

6. Since L is the foot of perpendicular from P on the x#axis, 
Its y and z co-ordinates are zero. The coordinates of L is 
(3, 0, 0). Similarly, the coordinates of M and N are (0, 4, 
0) and (0, 0, 5), respectively. 

7. Since L is the foot of perpendicular segment drawn from 
the point P(3, 4, 5) on the xz-plane. Since the y-coordi- 
nate of all points in the xz-plane are zero, coordinate of 
the foot of perpendicular are (3, 0, 5). 

8. Locus of the point y = 0, z = 0 is x-axis since on x-axis 
both y = 0 and z =Q. 

9. a=+5 

10. 2= x-3} +(2-4? > 2= fæ-3) +4. 
Squaring both sides 
4=(x-3}+4 > x-3=0 => x-3 

11. Ratio = (m - z 

5+7-4) 2 

SHORT ANSWER QUESTIONS 

1. Three points are collinear if the sum of any two distances 
is equal to the third distance. 

PQ = 4(-2,-2) (2-4) +(-2-6) 
= J16+36+64 = V116 = 2429 
OR = (6 +2)? +(10+2)? « (142)? 
_ V64+144+ 256 = V464 = 44/29 
PR = A(6-2Y) + 10-4)? + (14-6)? 
_ Vi6+36+64 = V116 = 2429 
Since QR = PQ + PR. Therefore, the given points are 
collinear. 
2. Let A(5, -1, 1), B(7, —4, 7), C(1, -6, 10) and D(-1, 3, 4) 


be the four points of a quadrilateral. Here 
AB = 4449436 77, BC= V36+4+9 =7 
CD= 4449436 =7,DA= J23+4+9 =7 


Since, AB = BC = CD= DA. Therefore, ABCD is a rhombus. 


3. 


4. 


5. 


Mathematics | 


Let the point P be on y-axis. Therefore, it is of the form 
P(0, y, 0). 
The point (1, 2, 3) is at a distance 10 from (0, y, 0). 


^ Ja-0 +(2-y)? + (3-0)? = 10 


=> y-4y+4=0 2 (y-2)-20 2 y=2 
Hence, the required point is (0, 2, 0). 


|" AB=BC=CD=AD 


AC =AB2+BC2 = ZABC=90° 
ABCD is a square. 
A (— 4,3), B (2, 8) and P (m, 6) 


k:] 
oO 
A(-4, 3) P(m, 6) B(2, 8) 


Let P divides the join of AB in the ratio of k: | 


y-co-ordinate of P = 
k+l 





6 = 8k +3 


—— y= 6k+6=8k+3 


> 2k=3 > k=3/2 


-. P divides the join of AB in the ratio of 3 : 2. 


x-co-ordiante of P = 3x2+2x(-4) 
3+2 
6-8 
=> aa => m=-2/5 


(-2, 1) is the co-ordinates of the other end point. 


The vertices P and Q are (2, 1) and (—2, 3) respectively. 


The middle point is Cz) or (0, 2) 


Equation of the median RS, where R is (4, 5) and S 
is the point (0, 2), is | 


2-5 -3 
-5 =*= (x-4) or y-5- -4 
yoo a org («4 
R(4, 5) 


2, DP 
^p S (0, 2) 


or 4(y-5)-23(x- 4) or 4y - 20 = 3x - 12 
ie. 3x -4y ^ -8 | 
Equation of median RS is 3x —4y + 8-0 


Q (-2, 3) 
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INTRO:TO 2-D AND. -D CO-ORDINA METRY eona A, ^ 
INTRO: TO 2-D AND 3: TE GEOMETRY” ::: 51 eot nds e TRIER i l n 


8. Let Ebe the mid-point of side BC. 





We have 
244 345 
z- : 73) a4 La AC = \(2=1)? + (3-2)? « Q-3y 
AC2, 1) = /1+1+1 = V3 


BD= Ja e? +N +(6+1)? 
= 42581449 = J155 


Since AC + BD, ABCD is not a rectangle. 








B42, 3) E ASD 2. Let ABC be the triangle. Let the co-ordinates of the - 
. . vertices A, B, C be (xi, Yp zi). (Xz, Yz Z2) and (x3, y, 
Equation of line AE is 23), respectively. Let D be the mid-point of BC. Hence 
zum coordinates of D are 
p elo 
Mu T [atm nsn = 
2" 2” 2 
ic... y-l1- 3-c2 € =I) Let G be the centroid of the triangle. Therefore, it divides 
^ the median AD in the ratio 2 :1. Hence, the coordinates of 
3 G are 
j-1 826-7) | 2 
(225 Mes jen (22 13 jen (2 tajea 
5y-5=3x-3 2 PARS LT mc. m i 
' i eal 2+1 2+1 2+1 
- The required equation of the median is 
3x-5y-2-0 xs [mts atm atata) 
: 3 3 3 
LONG ANSWER QUESTIONS 3. (i) Let P(x, y, z) be the point which divides line segment 
1. To show ABCD is a parallelogram we need to show joining A(1, —2, 3) and B(3, 4, —5) internally in the ratio 
opposite side are equal. 2 : 3. Therefore 
4B = (1-1)? + (2-2? +-1-3 20D 9 (4) +3(-2)_ 2 
UU 243" $ "773434505" 
44-1616 =6 


- 2(-5)+3(3) -1 
| : z > 2+3 5 
BC= (2+) £42) +(2+1) a 
. . (92 =I 
Thus, the required point is PET 
= 492549 = 443 
| (ii) Let P(x, y, z) be the point which divides segment 
: 2 joining A(1, —2, 3) and B(3, 4, —5) externally in the ratio 
CD- (4-2)? (1-3) + (6-2) 2:3.Then . 


= J4+16+16 =6 _ 2(3)+(-3)0) _ 


rs oe -3, 


2+(-3) 
DA= Ja-4y + (2-7)? + 3-6)" 


_ (4) +(-3)(-2) _ 


. ye = - 14, 
= 492549 = V43 ania) 
Since AB = CD and BC = AD, ABCD is a parallelogram. 2(-5) + (-3)3) " 
pus c ——— z 
Now, it is required to prove that ABCD is not a rectangle. 2+(-3) 
For this, we show that diagonals AC and BD are unequal. Therefore, the required point is (-3, -14, 19). 
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| ERE e 


4. — =- 


D divides AB in the ratio | : 3. 














By section formula, the coordinates of D are pa ; R Y' 
4 4 (-1, -1) 
Similarly, E divides AC in the ratio | : 3. If follows from the converse of the Pythagoras theorem 
that the triangle PQR is a right triangle and the right angle 
The co-ordinates of E are (2.5). dos 
4 6. Let the third vertex be (x, y3). Area of triangle , whose 
Area of AADE vertices are (x), yi), (x2, Y2) and (x3. Yi) 
l 
l (2 13 ui E 7 zb -¥3) +2203 — »0* x30 - 2) 
z—|4| —-5|-—(5-6)-—|6- — i t 
3| a 1 (5 - 6) 1 3 ) | $4: units 2 | 
As x,=2,y, = 1, x= 3, y, = 2 
l 13 19 15 à 
TRUE f; Sad tees AA dd ie 59 : Area of A = 5 (given) 
; 4 4| units — 32 sq. units g 
l 
> 5z 2122-3) +30 —1)+x;(1+2)| 
Area of AABC 


I => = [ 3% ET 
= 2146 - 2)+1 (2-6)4 7 (6-5) sq. units Taking positive sign, 3x, +y -7=10 


l 15 | => Sept ys 17 0 0 V. (1) 
= 7112 -4«7| sq. units — * sq. units Taking negative sign 3x, + y, —7 2 — 10 
Areaof AADE 15 2 | ndis ^ na Q) 
Ara of AABC 32 15 16 Given that (x4, y3) lies on y x 3 
So, -x3 +, 73 |" eb (3) 
5. Let the points (4, 4), (3, 5) and (-1, 1) be denoted by P, 
Q and R, respectively. Solving eq. (1) and (3), x, = ; j -2 


Now PQ = J(3 - 4 +(5-4} = J2 3 3 


Solving eq. (2) and (3), x "ms yy =>. 


2 

OR = J(-1- 33 +(-1-5)? = V52 - 33 
So, the third vertex are (2.2) or (2.3) 

2 4 2 2 


and PR = J(-1-4? « (-1-4 2 250 


7. Let P and Q are points of trisection (points dividing in 


Therefore, PO? = 2, OR? = 52 and PR? = 50 three equal parts) of AB, ic. AP = PQ = QB. 

We observe that the sum of square of two sides, PQ and A P Q B 
PR, is equal t the square of the third side QR i.c., (-4,-1) C23) 
QR? = PR? + PQ? 


The point P divides AB internally in the ratio 1 : 2. 
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INTRO TO 2-D AND 3-D Co-oroinate Geom 





Therefore, the co-ordinates of P will be given by : 


xa MM + mx _ 2x44+1(-2) _, 
m, * m» 1-2 


my t*my, _ 2x(-1)+1(-3) -5 
Se 
m, +m 1+2 3 


Therefore, the co-ordinate of P are (2-5) 


For the coordinate of Q, m, = 2 and m, 7 1, 


m2% + mx 1(4)-2(-2) 
m; +m 1+2 d 

.PFywtmy Y-)«2(3 7 B 
m, +m 14-2 3 g 


Point Q = (0-7) 


EXERCISE - 2 


MULTIPLE CHOICE QUESTIONS 


2. 


(c) On xy-plane, z-co-ordinate is Zero. 
(c) On x-axis, y and z-co-ordinates are zero. 


(a) Let (a, 0, 0) be a point on x-axis. 
So, required distance 


i J(a - a2) + (6 - 0)? (c - 07? 


= yb? +c? 


(a) Given points (-2, 3, 5), (1, 2, 3) and (7, 0, —1) are col- 
linear because area of triangle formed by these three 
points is zero. 


(b) Let P(x, y, z) be the point which divides line-segment 
joining A(1, -2, 3) and B(3, 4, -5) internally in the 
ratio 2 : 3 


- 2(3) + 3(1)_ 9 
2+3 5 


2(4) + 3(-2) _ 2 
FU 2+3 5 


Ww 
~ 


9 


» OR 
Oe er ELT 


_ 2-5) +303) -1 
" Set b 


9 2 -l 
Required point = | =, —, — 
equire poin 2 5 ) 


6. (b) (-3, 1, 2) lies in second octant. 


7. (a) Since C (y, - 1) is the mid-point of P (4, x) and 








Q (-2, 4). 
We have, ini M and I. 
s y=l and x =—6 


8. (c) Let the required ratio be & : 1 


r k=- 


Then, 2 = 
+] 2 


6k-4() | 3 
k 


^. The required ratio is = :1or3 :2 


.30)*20) , 


Also, y 34.3 
9. (b) 10. (d) 11. (b) 
MORE THAN ONE CORRECT 
1. (b,d) 2. (b.c) 3. (a,b) 
4. (a,b,d) 5. (a,b,c,d) 
PASSAGE BASED QUESTIONS 


(i) (c) Since the coordinates of P are (a, b, c) 
OA = a, OB = band OC = c 
Now, A lies on OY such that OA = à 
So, the coordinates of 4 are (a, 0, 0). 


(ii) (d) 


Since D lies in xv-plane such that OA = a and 
AD = OB = b. 


So, the co-ordinates of D are (a, 5, 0) 


Point E lies in vz-plane such that OB = ^ and 
BE = OC * c. So, the co-ordinates of E are (0, b, c), 


(iii) (a) 
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iR VUELO. uL ER E Sr cp C DE LC a EE ee ee et ae SE Ie RET "tei RAE ad VERI es Stt m 1 
« 3 zT GANT UTR ONU VEI IMEEM D IA Base SERA etn dy) 5 o, ( Mathematics ) 
Ste Soe TOP eS ERUNT SEES PRINS Eee IE t vage ase E 


ASSERTION & REASON 4. (a) Assertion: 


1l. (a) Assertion i= +2)" +23 +G-5) 


_ 2x4-3x2 
3 HRS Lm 


=> x=-2 
Bii: = 94144 = T 
" 2x3-3x-1 -F | 
7 2-3 aky QR = Ja -1 +0-2} + (-1-3) 
_ 2x2-3x4 


2 => z=8 
2-3 | | = 436-4216 2 2/14 and 


2. (a) Both assertion and reason are correct and 


reason is correct explanation for assertion. PR = ha " 2)? -(0—3)? + (-1- 5)2 


3. (a) Assertion: 


Since, P is mid-point = ¥81+9+36 =3V14 


. Since, PO + OR=PR 
-—6+(-2) a -8 - 
DP - 3 => p" = => g--12 therefore P, O and R are collinear. 


Both assertion and reason are correct and reason is 5. (c) Assertion is correct. 
correct explanation for assertion. Reason is incorrect. 
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————MÓÁÓÁáá—À 
LOGIK 





— | INTRODUCTION 

Basic knowledge of logarithm and antilogarithm is very important not only for the point of view of 
mathematics but for the point of view of physics and chemistry also. It helps to find any root of positive 
real number and to find the value of a complex arithmetic expressions in mathematics. In physics and 
chemistry, logarithm is used to define some terms like pH value of a solution, to derive the various 


formulas and solving many numerical problems. 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


Class 9 Part B IIT JEE KVPY NSEJS Foundation Mathematics by K K Anand Chennai SmartEdu for 
Standard 9 


LOGARITHM 


Let us consider 
(i) 10=10', 100 = 102, 1000 = 10? etc. 

This can be also written as 

logo 10 = 1, log, 9100 = 2, log,,1000 = 3 etc. 
(ii) S=23, 16=24,32=2 etc. 

This can be also written as 

log, 8 = 3, log, 16 = 4, log, 32 = 5 etc. 
(iii) 49 72, 343 = 73 etc. 

This can be also written as 

log, 49 = 2, log, 343 = Fete. 
(iv) 1/8 - (2)3, 1/16 = (2) etc 

This can be also written as 

log, (1/8) = - 3, log, (1/16) = — 4 etc. 
(v) 0.01 = (10)2, 0.001 = (10) etc. 

This can be also written as - 

logo (0.01) = - 2, log, 0.001 — — 3 etc. 

Here logarithm is written as log in short. 


log, x is read as logarith of x on base a. 
Here x is always a positive number but the base ‘a’ is a positive number not equal to |. 


DEFINITION OF LOGARITHM 


Logarithm of any positive number b (= a*) to a given base ‘a’ (a positive number not equal to 1) is the index (or power) “x” of the 
base which is equal to that number b. | 
Thus if b = a*, where 'b' is a *ve number and ‘a’ is a +ve number but not equal to 1, then log, b =x 


Clearly, log ,a = 1 
Also, 16 = 2* or 4? 
log ,16 = 4 and log,16 = 2 
log;16 Zlog,l6 - 
Hence value of logarithm of a positive quantity depends upon the base of the log. 
Base of logarithm is generally taken as *10' or *e'. ‘e’ is called an exponential number and is approximately equal to 2.71. In this 


chapter, if base of log is not mentioned, then base will be taken as 10. 


L] 
"IgE (i) lf base of log is not mentioned, then up to secondary classes it is assumed as qo 

' For example, log x = log), x, log10 = log,,10 (= 1) 

log on base 10 is called common log. 

But in higher classes, it is assumed as ‘e`. For example, log x = log, x, log e = = log, e (= 1) 
Generally log on base e is written as ĉn, called lognatural. For example, log, x = én x 

' 

L| 


(ii) én x 2.303 logiox 


= =.. - - - ee eee -— - ww 
meee -—-— o o S we www wee we ee we wee ee eee eee =- - ""——""—"—""""nno-"nooconononw"coccenun-"-e 


STANDARD FORM OF A POSITIVE NUMBER 


Standard form of a positive number is m x 10", where 1 € m < 10 and n is an integer. 
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ANNEXURE | E diaaa À 


Number in 
Standard form upto 
three decimal place 


2436x102 436 
2436 2436x108 | 2. 


Number formed from Third digit of m, Fourth digit of m, 
first two digits of m, without | without cansidering | without considering 
the decimal point the decimal point 


N 


N 
4A 
Ww 
Oo 


ON 
e 
UJ 
> 


6 





To find the logarithm of any number using logarithm table, number of digits after decimal point in m should be 3. But 
À if third digit after decimal is 0, then do not consider this 0. And find the logarithm of the number up to two decimal place only. 


E 
3 
2 
4 
~ 
Ü 
~ 
- 
o5 
o 


2*5 row > 


Y* row > 


4" row > 


3 9 
d d 
= = 
& 1 
ali 
oo} 
tr | 26 
Uu | t 
aj 
ol]. 
e |o 
gg 
aj 
a | 
dà 
ff 





Alain 
aiain 


Table (a) 


See the above given logarithm table on base 10. The 2nd, 3rd and 4th rows, columns heading first 0 to 9 are divided into two half 
filled subrows but the columns heading second 1 to 9 are divided into two completely filled half subrows. Remaining Sth, 6th and 
7th rows are not divided into subrows. , 


Complete logarithm table is given at the end of this chapter. 
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TO FIND THE LOGARITHM OF A NUMBER ON BASE 10 USING LOGARITHM TABLE 


Let us consider a number 124.6 of which we want to find the logarithm. 


(i) Write the number 124.6 in standard form m x 10" as 124.6 = 1.246 x 10?, where m = 1.246 and n = 2. 


(ii) See the logarithm table (a). In the left most column, see the number 12 formed from first two digits of m (= 1.246), without 
considering its decimal point. This number lies in 3 row of the logarithm table from the top. 


ELEDBIIE- GO EN (ESTED ERED ERTS 


O 0792 į 0828 | 0864 | 0899 | 0934 
0969 | 1004 1038 1072 


Table (b) 


(iii) In the first 0 to 9 of first row of the lo 
: , garithm table (a), see the third digit 4 = 
point. This third digit lies in 6" column from left (a), ird digit 4 of m (7 1.246), without considering the decimal 































"rire Kc 
3 row | (12) 


l 0792 | 0828 | 0864 | 0899 | 0934 
0969 
Table (c) 


(iv) Now see the number 0934 in the 3' row and 6'^ column from left of the logarithm table (a). 
First 0 to 9 
6" column 


s e i H [2 is» 


0792 | 0828 | 0864 0899 |(9933) 
0969 1038 | 1072 


Table (d) 


slef?) 
l 


038 | 1072 






y row — | (2) 


(o In the second | to 9 of first row of logarithm table (a), see the fourth digit of ‘6’ of m (7 1.246 


), without considering the decimal 
point. This fourth digit ‘6’ lies in 17'^ column of the logarithm table (a) from the left. 


34 row > 





Table (e) 
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ANNEXURE DS- SOE RARE MM A RU Epibtddtus tuts 


(vi) Now see the number in 3'd row and 17" column of the logarithm table (a), there are two numbers 21 and 20. 
First 0 to-9 Second 1 to 9 
h th 

M 6" column 7 column 


0792 | 0828 | 0864 | 0899 10939) 
0969 1038 | 1072 


Table (f) 


But we take one of the two numbers 21 and 20, which lies in the sub row of 0934 obtained in step (iv). We clearly see that the 
number 21 lies in the sub row of 0934, So, we take 21. 














3* row > 


(vii) Now we find the sum of 0934 and 21 as 
0934 
21 
0955. 


(viii) Put decimal point in the beginning of the number 0955 as *.0955' and number 2 (value of n) before the decimal point of .0955 
as 2.0955. 


If the value of n is negative, then negative sign is put over the digit before the decimal point. For example, if the value 
! of n in the above example is — 2, then we write 2.0955.2.0955 means — 2 + .0955 


$ In the above number 2.0955 has two part, one is integral part, which is 2 and other is non-integral part, which is .0955. ! 
The DIS part 2 is called characteristic and non-integral part ' .0955" is called mantissa. Mantissa is always non-negative. : 
' 


Illustration : Find the value of log;o0.002001. 
SOLUTION : log, 90.002001 = log,g 2.001 10° = 3.3012 


Illustration 2 : Find the value of log 345 
SOLUTION : log 345 = log, 9345 = log 3.450 x 10? 
= 2.5378 


LAWS OF LOGARITHM 
(i) log,(m x n) = log, m + log," 


For example : log (4 x 5) = log 4 + log 5 | e 
(ii) zl a = log, m — log, n 
n 
8 
For example : logs = log 8 — log 15 


(iii) log,(m)" = n log, m 
For example : log (5)4 = 4 log 5 
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s log.a 
(iv) log,a = log, b [Change of base rule] 
log,a 1 
If a = c, then log, a = log,a = —2— = ——— 
B5 b log,b log,b 
For example : 
log5 64 ` 
-] mm xc 
(a) 84 Ms log» 4 
b) log, 64= 
(b) log, TT 


(v) log,alog.5— log.a [Chain Rule] 
For example : log, 64 x log, 4 = log, 64 





Antilogarithm is simply called antilog. 
Consider, 32 = 25 
This can be said that antilog of 5 on base 2 is 32. In other words, antilog of 5 on base 2 is 2°. Hence antilog of m on base b is b”, 
Since 32 = 25 means log of 32 on base 2 is 5 or antilog of 5 on base 2 is 32. 
Hence log and antilog are reverse to each other. 
Antilog (log x) =x 
or  log(antilog x) =x 


TO FIND THE ANTILOG OF A NUMBER USING ANTILOG TABLE 


Let us consider a number ‘2.4153’ of which we want to find the antilogarithm. In ‘2.4153, there are two parts one is integral and 
other is non-integral. Here the integral part is ‘2’ and non-integral part is *.4153’. The integral part ‘2’ is called ‘characteristic’ and 
non-integral part ‘.4153’ is called * mantissa’. To find the antilog of a number using antilog table, mantissa should be always non- 
negative. 
If mantissa of a number is negative, than to find its antilog, first we make the mantissa positive. 
For example, in the case of a number — 2.5021 (= — 2 — .5021), mantissa is — .5021, which is negative. The mantissa — .5021 will be 
made positive by adding | and subtracting | as 
— 2.5021 2--2-.5021*1-1 © 

—-(-2-1i)-*(1-.5021) 

——34.4979 

= 3.4979 


Let us find the antilog of 2.4153 


(i) Consider its mantissa .4153. 
(ii) Now read the number 2600 which lies in the row in which .41 (first two digits with decimal point of . 4153) lies in the left most 


column and the column in which 5 (third digit of .4153) lies in the first 0 to 9 of first row. 

(iii) Now read the number | which lies in the row in which 41 lies in the left most column and the column in which 3 (fourth digit 
of .4153) lies in the second | to 9 of first row. 

(iv) Now add the number 2600 and | as 


2600 
— i 
2601 
` (v) Add 1 to the characteristic 2 
2+1=3 
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sos) 


(vi) Here the sum is positive and equal to 3. In this case, we put decimal in 2601, obtained in step (iv) after three (obtained in step 
(v)) digits from left of it as 260.1. The number 260.1 is the antilog of 2.4153. 
Hence antilog (2.4153) = 260.1 


If characteristic is negative, say — 4, then after adding | to the characteristic, we get — 3, a negative integer, then we put three 
zeros (000) before 2601 and then put decimal before these three zeros as ‘.0002601". 
Hence, antilog (4. 4153) = .0002601 


If characteristic is — 1, then after adding | to the characteristic, we ni zero (0), then we put decimal before *2601" as 
‘2601’. 


Hence, antilog (1.4153) = 2601 





Illustration 3 : Find the antilog of 0.341 


SOLUTION : Antilog (0.341) = 2.193 


Illustration 4 : Find the antilog of 6.2134 


SOLUTION : Antilog (6.2134) = 163500.00 = 1635000 


Illustration 5 : Find the antilog of 5,412. 


SOLUTION : Antilog ( 5.412 ) = .00002582 = 0.00002582 


Illustration 6 : If log 2 — 0.3010 and log 3 — 0.4771, then find the value of log 72 


SOLUTION : log 72 = log (8 x 9) = log 8 + log 9 [7 logmxn-7log m- logn] 
= log (2)? + log (3)? 
- 3 log 2 * 2 log 3 
=3 x 0.3010 + 2 x 0.4771 
= 0.9030 + 0.9542 | 
= 1.8572 








‘siectrcitoe 7 : Find the value of 213586021 
ustration mime ^ 0.0014x314 


2.135 x 0.6021 
0.0014 x 314 
Taking log on both sides, 


2.135x 0.6021 
0.0014 x 314 


SOLUTION : Let x= 


log x = log 





T a ] 
= log (2.135 x 0.6021) — log (0.0014 x 314) [* logs = log a - log b] 


= log 2.135 + log 0.6021- (log 0.0014 + log 314) [^ log m x n= log m log n) 
= log 2.135 + log 0.6021 — log 0.0014 — log 314 

= log 2.135 x 10° + log 6.021 x 107! — log 1.40 x 10-3 — log 3.14 x 102 

= 0.3294 + 1.7797 — 3.1461 — 2.4969 


= 0.3294 + (- 1 + 0.7797) - (- 3 + 0.1461) — 2.4969 5 
= 0.329 — 1 + 0.7797 + 3 — 0.1461 — 2.4969 


= (0.329 + 0.7797 + 3) — (1 + 0.1461 + 2.4969) 
log x = 4.1087 — 3.6430 = 0.4657 
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Taking antilog on both sides, we get 
Antilog (log x) = Antilog (0.4657) 


=>  x-Antilog (0.4657) [* Antilog (log x) = x = log (antilog x)] 
= x=6.682 

| 2.135x 0.6021 

>  "oool4x3i4 9682 


Illustration 8 : If 5 log 3 + log x = 5 log 2, then find the value of x. 


SOLUTION : 5 log 3 + log x = 5 log 2 
=> logx-51log2-51og3 


= log (2)? — log (3)? [ log (m)" = n log m] 
= log 32 — log 243 
32 
l =bg 7s - [7 log 7 = log m — log n] 


Illustration 9 : If log, x = Far 
l 


og, X 


k . 
| , then find the value of k 


SOLUTION : log, x — (log, y} 
Tar 
i v xJ 


(log, x)! - (log, x)* 
; -k= | 
= k=] 





= 3 
Illustration 10 : Find the value of 2-legg (10 " 





log, 6 
3 E 
SOLUTION : 2-logio(10) _ 2 — Slogig 10 [* log (m)" =n log m ] 
logg 6 l 
2-3xl 
a LT [" log, a - 1] 


Illustration 11 : If 2 log x + 2 logy = k and xy = 2, then find the value of k. 


SOLUTION : 2 log x +2 log y= k 


=> 2 (log x + log) =k 

=> 2 log (xy) =k [* log(m x n) = logm + log n] 
= 2x2 =k [^ xy = 2] 

7 k=4 


Illustration 12 : Find the value of log, x x log, y x log, z 
SOLUTION : log, x x log, y x log, z = log, z 
= log, x [Chain Rule] 
=I 
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PEE EDS Dru 


Illustration 13 : If antilog (0.2156) — 1.643, then find the values of the antilog (1.2156). 
SOLUTION : Antilog (1.2156) = 16.43 


Illustration 14 : Express 0.000 000 001 = (.001)? in logarithmic form. 


SOLUTION ; 0.000 000 001 = (.001)? 
=  loggg 0.000 000 001 =3 ' 


Illustration 15 : If log, 2 = 0.3010, find the value of log; 5. 


SOLUTION : log, , 5 ^ log, o 19) log, 10 10g, 2 2 
Bio ZE 810 Biot  [.. log = = logm- logn] 


= | —log))2 [* log, a=1] 
= 1 -—0.3010 
= 0.699 


Illustration 16 : If log 2 = 0.3010, log 3 = 0.4771 and log 7 = 0.8451, then find the value of log 210 
SOLUTION : log 210 = log (21 x 10) = log 3 x 7 x 10 


= log 3 + log 7 + log 10 [ * log(m x n)=logm + logn ] 
= 0.3010 + 0.8451 + 1 [ log 10 = logo 10 7 1] 
= 2.1461 


Illustration 17 : Prove that log 5040 = 4 log 2 + 2 log 3 + log 5 + log 7 


SOLUTION : RHS = 4 log 2 + 2 log 3 + log 5 + log 7 
= log (2)* + log (3)? + log 5 + log 7 
‘= log 16 + log 9 + log 5 + log 7 
= log (16 x 9x 5x 7) 
= log 5540 
= RHS 


5 - 
Illustration 18 : Using log table, find the value of (0.17) . 


SOLUTION ; Let x= (0.175 = [(0.17)5]!2 


=> x = (0.175? 
=>  logx- log (0.17)°” 


=>  logx- > log (0.17) 


log (1.70 x 107!) 


.2304) 


m~ 
—| 


(— 1 + .2304) 


NIN NIA njun niu Nju 


(- 0.7696) 


= — 5 x (.3848) = - 1.9240 
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408 — PA ROE E Oa LOSES 
logx-—1-0.924--1-0.924* 1-1 
-(-1-1)*(1- 0.924) 
=—2+0,076 
logx = 2.076 ` | 


Taking antilog on the both sides, we get 
antilog (log x) = antilog (2.076) 
=> x=.01191 =0.01191 


Illustration 19 : If log 2 = 0.3010, then find the number of digits in log (2)10000, 


SOLUTION : log (2)!0000 = 10000 log 2 — 
— 10000 x 0.3010 
= 3010 

Hence required number of digits — 4 


Enc. a 


— 


Illustration 20 : Evaluate 3 — log, 1000. 

SOLUTION : 3 — log), 1000 —3 — log, (10)? 
=3-3 logo 10 
=3-3x1=0 


Illustration 21 : Find the value of log 416 | 


SOLUTION : log 516 = log z (2)* = log jz (V2) 
-8 log z J/2 
=8x1=8 


Illustration 22 : If x? + y? = 25xy, then prove that 2 log (x + y) = 3 log 3 + log x + log y 


SOLUTION : LHS - 2 log (x + y) 
= log (x + y)* 
= log (x? + y? + 2xy) 
= log (25xy + 2xy) 
= log (27xy) 
= log (3? x x x y) 
= log (3) + log x + log y 
= 3 log 3 + log x + log y 
= RHS 
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